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Abstract 

We investigate the open mirror symmetry of certain non-complete intersection Calabi- 
Yau 3-folds, called pfaffian Calabi-Yau. We predict the number of disk invariants of some 
examples by using the direct integration method proposed recently and the open mirror 
symmetry. We treat several pfaffian Calabi-Yau 3-folds and branes with two discrete vacua. 
Some models have two special points in its moduli space, around both of which we can 
consider different A-model mirror partners. We compute disc invariants for both cases. This 
study is the first application of the open mirror symmetry to the compact non-complete 
intersections in toric variety. 
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1 Introduction 

Recently, the research on open mirror symmetry for compact Calabi-Yau manifolds has been 
progressing remarkably. The first important step was achieved by Walcher, who showed 
that the Picard-Fuchs differential equations are modified by the D-branes (Tj. Then the 
exact computation in the B-model side was done by calculating the inhomogeneous term of 
Picard-Fuchs equation [2]. The enumerative predictions of disk invariants were confirmed 
mathematically by the A-model localization computation [3] . The extension of the holomor- 
phic anomaly equation jU [5] to the open string sector was also developed [6j [7] . After these 
works, several important analyses and techniques have been proposed in many papers. 

One of difficulties comes from the fact that, for compact Calabi-Yaus, the open moduli 
(D-brane moduli) are obstructed in general and take discrete values. In [8], the authors 
discussed the so-called off-shell idea, by virtually introducing the continuous open moduli 
and by replacing the curve (D-brane) by the divisor. Then, the discrete on-shell situation 
is realized by taking critical values with respect to the continuous open moduli. By this 
prescription, we can apply the ordinary method developed in non-compact case, namely 
Af = 1 special geometry (9J [TO], to the compact case. After this work, related to this 
formalism, the application of the toric method to compact case was proposed in [11] , along 
with the original application of toric method to open mirror symmetry for non-compact case 
|12j . The direct integration of period, which is similar to the method in the classical work 
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by Candelas et al. [13], was also presented in [TJ]. For several other developments, see 
[T5| [T6| \T7\ UHl [191 [20] including our work |21] . It is worth noting that recently the relation 
of the open string on compact Calabi-Yau 3-fold to the closed string on non-compact Calabi- 
Yau 4-fold (and F-theory on the same CY4) were discussed in [T5] in association with [22J. 
Many different geometries, which lead to the same 4-dimensional M = 1 theory, are related 
by the duality chain [231 122 [251 M\ ■ 

The study of open mirror symmetry for compact Calabi-Yau is becoming very active, but 
the analyzed models are limited to the ones given by hypersurfaces/complete intersections 
with a few moduli, in toric varieties. However, there are many examples of non-complete 
intersection Calabi-Yau manifolds. Actually, there are useful lists of Calabi-Yaus in 125]. 
In the database [2E], a very large number of Calabi-Yau 3-folds with one moduli are listed 
and studied by analyzing the Picard-Fuchs operators numerically. Only a small portion of 
the models can be expressed as complete intersections in weighted projective spaces or toric 
varieties. Most of the models listed in [2B] have not been expressed as hypersurfaces or 
complete intersections so far. It is suggested that the Calabi-Yau manifolds we know are 
not sufficient to find the string vacuum which may describe our world. So it is important 
to proceed to analyze the open mirror symmetry of the models which are not expressed as 
complete intersections. 

In this paper, we treat certain non-complete intersection Calabi-Yau manifolds, so-called 
pfaffian Calabi-Yaus. The (closed) mirror phenomena of this type of Calabi-Yau manifolds 
were first discussed in |31j . and further investigations were done in [321 E3]- This type of 
Calabi-Yau manifolds have very interesting properties in the sense that some of them have 
two special points in their moduli spaces, around both of which we can consider the mirror 
phenomena. The corresponding Calabi-Yau varieties in the A-model side are different onea^ 
and thus two different Calabi-Yau varieties are governed by the single moduli space in the 



1 While this paper was in preparation for submission, a related work appeared |27j and the analysis of 
open mirror symmetry on compact Calabi-Yau hypersurfaces with 2- and 3-moduli were carried out by a 

very systematic toric and GKZ-system approach. 

2 It is worth noting that these two Calabi-Yau varieties cannot be birationally equivalent but surprisingly 

their derived categories of coherent sheaf are equivalent. 
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mirror B-side. We can obtain enumerative predictions of certain geometric invariants by 
mirror symmetry at both points. In the present paper, we study the open mirror symmetry 
of this type of Calabi-Yau manifolds by our method recently proposed in [2T] . 

This work is important from the two different viewpoints. One is the physical view- 
point and the other is the geometric one. Physically, we compute the superpotential of 
4-dimensional M = 1 effective field theory, which is obtained as the type II string theory 
compactified on Calabi-Yau with SUSY brane. Since Calabi-Yaus treated in this paper were 
not yet analyzed in the context of open mirror symmetry, it may be possible that the obtained 
effective superpotentials are useful for constructing realistic phenomenological/cosmological 
models. Geometrically, we would like to emphasize that this is the first results of analyzing 
the open mirror symmetry and counting the holomorphic discs, on compact non-complete 
intersection Calabi-Yau manifolds. 

Finally we note that we do not analyze at all the A-model side geometries in this paper. 
At present it is difficult to analyze the A-model side, especially for pfaffian case, since we 
cannot find how to construct the special Lagrangian submanifold. We also would like to 
note that, although we do not discuss the off-shell situation in this paper, our method is also 
applicable to the off-shell analysis as shown in [2Tj . 

The organization of this paper is as follows. In section [2J we will review some basic 
backgrounds for both physics and mathematics, including several definitions and notations 
needed in later sections. We will also introduce several models and their geometric data. 
In section El we will discuss the formal aspects of the direct integration method, especially 
focusing on the application to the pfaffian Calabi-Yau manifolds. In section HJ we shall 
carry out the concrete computations of the direct integration for several models in detail. 
We will consider both large and small moduli limits. The resulting superpotentials will be 
interpreted as the A-model quantity and the number of disk invariants will be predicted. In 
section [51 we will discuss the one-loop amplitudes for consistency check, by the use of the 
extended holomorphic anomaly equation. Section [6] contains conclusions and discussions. 
Finally, in appendix IXJ we will list tables of real BPS invariants. 
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2 Open mirror symmetry and Pfaffian Calabi-Yau man- 
ifold 

In this section we review some physical and mathematical backgrounds needed in later 
sections. 

2.1 Open mirror symmetry and D-brane superpotential 

We start with the following set up: type II string theory on IR 1,3 x Calabi-Yau with a D- 
brane which is located in the entire M 1 ' 3 and wrapped on a SUSY cycle in Calabi-Yau. By 
the SUSY cycle, we mean a special Lagrangian submanifold for type IIA (A-model), and a 
holomorphic submanifold for type IIB (B-model) [Ml [35] . Then we obtain the 4-dimensional 
M = 1 supersymmetric gauge theory. The background D-brane wrapping around SUSY cycle 
contributes to the effective superpotential of 4-dimensional theory [3B] . What we would like 
to compute is this effective superpotential induced by D-branes. 

We consider the tree level of the topological B-model. This is described by the so-called 
special geometry, which is related to the deformation theory of the complex structure (Hodge 
structure) of Calabi-Yau 3-fold. The important quantities are the periods which are defined 
as the integrals of the holomorphic 3-form over several 3-cycles. They are holomorphic 
with respect to the complex structure moduli (closed string moduli) and solutions of the 
Picard-Fuchs differential equation. 

The open string tree-level data is governed by the extended Picard-Fuchs equation, which 
generally depends on both open and closed moduli. This framework is described by the so- 
called M = 1 special geometry [9j [10], and related to the mathematical theory of mixed Hodge 
structure. The relative periods, which are defined as the integrals of the holomorphic 3-form 
over 3-chains, play important roles. They contain information of the deformation theory of 
bulk Calabi-Yau and D-brane (holomorphic submanifold, typically holomorphic curve) in it. 
The D-brane superpotential encodes obstructions of deformations of this holomorphic curve 
[37]. 
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Now we shall focus on the compact Calabi-Yau case. Due to the fact that, in general, 
the open moduli take discrete values, the net result turns out to be the inhomogeneous 
modification of the ordinary Picard-Fuchs equation [UI2], i-6. 



where f(z) is a certain function of closed moduli z. One of solutions of this inhomogeneous 
Picard-Fuchs equation is a superpotential (or a domainwall tension, see below). Let us recall 
the typical situation in the B-model side: D5-brane which is wrapped on two holomorphic 
curves C± in Calabi-Yau and located in the entire 1R 1,3 . Moreover, the curves C + and C_ 
are homologous each other and there exists a 3-chain V which interpolates between them 
(namely, dT = [C + — C_]). Physically, C± correspond to two supersymmetric vacua of 
4-dimensional M = 1 supersymmetric theory and we can find the BPS domainwall which 
wraps T. The tension of this BPS domainwall is equal to the difference of the superpotentials 
of C±, and is given by the integral of the holomorphic 3-form over the 3-chain T [T2| 138] 



This formula can be obtained by the dimensional reduction of the (topological) D-brane 
world- volume action (i.e., holomorphic Chern-Simons action [39J) on the internal part of the 
D5-brane (i.e., the curve in Calabi-Yau). This contributes to the effective superpotential 
of 4-dimensional theory exactly [36]. In mathematical language, this is a so-called normal 
function [2] (for mathematical ingredients, see e.g. [lOj EJ 02], and the references therein). 
This domainwall tension can be obtained as one of the solutions of the inhomogeneous version 
of the Picard-Fuchs equation (12. ip . The method used to compute the inhomogeneous term 
was proposed in [21 H3]. In cases of Z 2 -brane in hypersurface/complete intersection, the 
inhomogeneous term in ( 12. ip takes the form f(z) ~ z 1 ! 2 Q Although this method is totally 
rigorous and systematic, it is generally very tedious task. Therefore, another method to 
compute on-shell D-brane superpotential was proposed in [21], which will be explained in 
detail in sectional 

3 Interestingly, this simple form is modified for pfaffian Calabi-Yaus treated in this paper, as discussed in 
later sections. 



(2.1) 




3,0 



(2.2) 
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The so-called off-shell method has also been developed, by introducing the continuous 
open moduli and replacing the curve by a divisor [8j. By this picture, we can apply the 
framework of M = 1 special geometry [HI HU] to the compact case [SJ. Toric method [T2] 
was also applied to the compact case [TT]. The picture established in [5] is that the on-shell 
superpotential is realized by restricting the off-shell superpotential to the critical values with 
respect to brane moduli. For example, in Z 2 -vacua case, 

W(z,±)=W(z,u) , (2.3) 

d u W=0 

where z is a bulk moduli and u is a brane moduli. For several other important developments, 
see [HI [HI EUJ ETJ H3]. Although the off-shell analysis is very important and has a rich 
structure, we will not make such an analysis in the present paper. 

What about the A-type D-brane superpotential? The A-type D-brane superpotential at 
the tree level contains non-perturbative effects, namely, the effects of disk instantons. They 
are contributions from holomorphic maps of a disk worldsheet into X, with a boundary on 
L. The superpotential can be viewed as a generating function of disk invariants (or BPS 
invariants). At present, the A-model computations of disc instantons (namely, the local- 
ization technique) for compact Calabi-Yau manifolds are limited to complete intersections 
in projected spaces. The direct computation of the A-brane superpotential is difficult but 
the assumption of open mirror symmetry enables us to compute this quantity exactly by 
reinterpreting the B-brane superpotential. 

Mirror symmetry relates Calabi-Yau X to its mirror Calabi-Yau X, type IIA theory to 
type IIB, topological A-model to B-model, and D6 branes on a special Lagrangian three- 
cycle Lclto D5 branes on a holomorphic submanifold (typically curve) C G X, which is a 
mirror partner of L. Under the mirror map two D-brane superpotentials for the low-energy 
effective theory on the branes are related to each other. Thus mirror symmetry insists that 
the disk invariants in the A-model can be computed by the B-model calculation, which is 
rather easy because there is no instanton contributions. More concretely, the open mirror 
conjecture (in the on-shell Z2- vacua case) insists that the B-model domainwall tension Tb{z), 
which depends only on a complex structure moduli z of X (now open moduli of B-brane is 
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discrete and does not appear explicitly), can be interpreted as the quantity in the A-model 
side Ta (t), where t is a complexified Kahler moduli of X: 

T (-A 9„(°. real ) 

^f\ = r A (t)=J2Ny /2 = £ %^^ t2 (V = e 2mt )- (2.4) 

uv ; d:odd d:odd,k:odd 

Here t = is the mirror map, •cco( ;Z ) is the fundamental period and vj\(z) is the loga- 
rithmic period. N% are open Gromov-Witten invariants and n^°' rea1 ' 1 are real BPS invariants 
(the number of real rational curves, and half of the number of holomorphic disks [3]) which 
can be obtained after re-summation by Ooguri-Vafa multi-covering formula [36J. We expect 
that the latter invariants must be integers by the intuitive geometric pictures, namely, they 
are the number of certain geometric objects in Calabi-Yau. 

Usually we take B-brane (holomorphic curves) as an intersection locus of two hyperplanes 
Qi and Q2 with Calabi-Yau X = flj{Pj = 0}, 

Q 1 nQ 2 nx. (2.5) 

For all of the previously studied cases, the B-branes have the above structure in common, 
at least in the on-shell situation [21 [T5J, [HI HB]- The obtained holomorphic curves consist 
of typically two irreducible components and they correspond to two vacua[j. We assume 
that there exists a mirror partner A-brane in mirror Calabi-Yau X and it has discrete Z2 
brane moduli. We also assume that by open mirror symmetry the enumerative prediction 
of disk invariants ending such A-brane geometry can be obtained. Although this procedure 
and assumption are somewhat ad-hoc, we can certainly obtain integral invariants by the 
enumerative predictions, as shown in later sections. 

Later, we will compute the superpotentials of such B-branes in the pfaffian Calabi-Yau 
manifolds, by applying our method proposed recently |21j . 



4 Some Calabi-Yau manifolds, typically ones denned in a weighted projective space, have branes with 
Zfc-vacua (k > 2) [18 . It is possible that some of pfaffians we treat in this paper have this type of vacua, 
but we do not consider such possibilities in this paper. 
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2.2 Pfaffian Calabi-Yau manifold 

In this subsection we review some basic facts about pfaffian Calabi-Yau variety. Some 
models which will be treated in later sections are introduced. From now on, we mainly use 
the notation in [33J. 

2.2.1 Pfaffian Calabi-Yau 3-fold 

The pfaffian is defined for a skew-symmetric matrix. Let iV = {riij} be a 2r x 2r skew- 
symmetric matrix. The pfaffian of N is defined by the following equation: 

Pf(A ° = ¥?. S ^(a)f[n a{2l _ 1)H2t) , (2.6) 

creS2r *=1 

where S 2r is the symmetric group and sgn(cr) is the signature of a. For the (2r + 1) x (2r + 1) 
matrix, the pfaffian is defined to be zero. The pfaffian is equal to the square root of the 
determinant. We also define P^...^ := Pf(A^ li2 .. .jj where N ili2 ^ Al is a skew symmetric matrix 
obtained by removing all the Zj-th rows and columns from N. 

For the definition of pfaffian variety, we need the date (£, N) defined below. In this 
paper, we consider the case defined in a single weighted projective space P™ (n > 3). Let £ 
be a locally free sheaf of odd rank 2r + 1 on P™ , and t G Z. Then, a generically-taken global 
section N £ if°(P™, A 2 £(t)) defines an alternating morphism 

£ v (-t)^£. (2.7) 

Then we have a following exact complex, called a pfaffian complex associated to the data 
(S,N): 

-> Opni-t - 2s) £ v (-t - s) A £{-s) A (2.8) 
where s = f pD ^ Ci(£) + rt (if: hyperplane section) and P is 

P:=^-A r iVGF (P™,A 2r ^(rt)). (2.9) 
v\ 

The first and the third morphisms are given by taking the wedge product with P and *P 
respectively. Note that, once we fix a framing {ej}^ 1 of £ , N is just a matrix and 

2r+l 2r+l 
i=l i=l 
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Then, the projective variety X C P n is called a pfaffian variety associated to the data {£, N) 
if the structure sheaf Ox is given by Coker(N). The sheaf Im(P) C Opn is called the 
pfaffian ideal sheaf and denoted by Ix- The pfaffian variety is not complete intersection 
globally but locally so. On the affine open local patch where P U0 viu 2 0> this variety can be 
expressed as the complete intersection of {-P^}j=o,i,2- 

Let us consider the special case, 3-dimensional Calabi-Yau variety X; t in a 6-dimensional 
weighted projective space, P® (Here, w = [u>i]i=o,...,6 denotes weights). In this case, t + 2s = 
\w\ := Yli w ii an d we ma y assume t = 1 for \w\ odd and t = for \w\ even. The pfaffian 
complex can be written as follows: 

-> O v% (-7) £ v (-4) A £(-3) A Ope, -> Ox 0. (2.11) 

is Calabi-Yau since the canonical sheaf of this variety is trivial 

u Xi ^ 3 (0 Xi ,u; P 6) ^ G Xv (2.12) 

Some pfaffian Calabi-Yau manifolds in P 6 , whose degrees are from 11 to 17, are con- 
structed by F. Tonoli in [Hj. It is showed that the degree 11 case is not smooth and the 
degree 12 case can be expressed as the complete intersections of two degree 2 equations and 
one degree 3 equation in P 6 . So from non-complete intersection viewpoint, the next interest- 
ing one is the degree 13 case. This Calabi-Yau is one-moduli, i.e. h 1,1 = 1. The closed mirror 
symmetry for this Calabi-Yau was discussed in detail in [33]. By extension, new Pfaffian 
Calabi-Yau 3-folds with h 1,1 = 1 in a weighted projective space (and their expected mirror 
partners) were constructed in [33] . In the next subsection, we will discuss some of them. 

2.2.2 Models and Mirror families 

In this paper, we treat Xj {i = 13, 5, 7, 10). The subscript denotes its degree, namely, 

i = [ H 3 , (2.13) 

where H is the hyperplane section. All of them are defined in a 6-dimensional weighted 
projective space, I 8 C P^,. They are expressed as the degeneracy locus of a generic alter- 
nating morphism £ v (— 1) £ and defined commonly by the 5x5 pfaffians. The ambient 
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Xi 


degree (H 3 ) 


h 1 ' 1 


h 2 * 1 


X 


c 2 *H 


Xis 


13 


1 


61 


-120 


58 


x 5 


5 


1 


51 


-100 


38 


x 7 


7 


1 


61 


-120 


46 


Xio 


10 


1 


59 


-116 


52 



Table 1: Geometric data of pfaffians 

projective space and the bundle where section lives are as follows: 

Fori = 13, w = (l 7 ) and £ = C p6 (l) © C® 4 . (2.14) 

For % = 5, w = (l 4 , 2 3 ) and 8 = 0f*(l). (2.15) 

For i = 7, io = (l 5 , 2 2 ) and 8 = Og(l) © £>g. (2.16) 

For i = 10, w = (l 6 , 2 1 ) and £ = C® 4 (1) © £> Pro . (2.17) 

In [3U [33] it was verified that for a generic choice of N, all of the above pfaffians are 3- 
dimensional smooth Calabi-Yau varieties. 

Topologically, Calabi-Yau manifold is specified by two data, h 1,1 and h 2 ' 1 , here h p,q is 
the Hodge number (the rank of H p,q ). We are mainly interested in the one with the lowest 
number of Kahler moduli, h 1 ' 1 = 1. All of Xi we treat in this paper have this property. We 
list some geometric data of them in Table [H These quantities were computed in (3Tj for X13 
and in [33] for X5, Xj and Xiq. The existence of smooth Calabi-Yau 3- folds with the above 
topological invariants was previously conjectured in |28j from the viewpoint of Calabi-Yau 
equations. 

Then we turn to consider the mirror partners of them. We denote the mirror partner of 
Xi as (Xi). (or simply, Xi), where ip G P 1 is a parameter of complex structure moduli. The 
relation to the parameter t used in [33] is ip = 1/t and the words large moduli and small moduli 
are used with respect to this parameter ip. Because they are not complete intersections, we 
cannot apply the Batyrev-Borisov mirror construction to these models. Alternatively the 
mirror construction via the tropical geometry was proposed and the candidate of mirror 
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partner of X13 was constructed in [45J and the candidates of mirror partners of X5, Xj and 



X\q were constructed in |33^ . The confirmation that they are mirror partners were examined 
by comparison of some geometric data. The corresponding Picard-Fuchs equations were 
computed and we can find the expected equations listed in [28]. The mirror Calabi-Yaus 
Xi certainly have mirrored Hodge numbers and Euler characteristic, namely, h 2,1 (Xi) = 
h^ l (X,i) = 1, h l ^(X,i) = /i 2ll (Xi), and x(X) = ~x{ X i)- In th e following, we list explicit 
forms of skew-symmetric matrices given in [33j H5] and pfaffian ideal sheaves of them. They 
have commonly good structures, in the sense that the hyperplane equations appear explicitly 
in the defining equations of Calabi-Yau manifolds. 

For (X% 3 )tp, the ambient space is P 6 /Z 13 and Z 13 acts as follows: 



C13 • [x ■ xi : x 2 : x 3 : x 4 : x 5 : x 6 ] = [x : Cis^i : (13^2 : (13^3 : (13^4 : (13^5 : Ci3 x 6], (2.18 



where the generator of Z 13 is given by C13 = exp (^)- The skew symmetric matrix is 



/ 



i„2 



-x 5 x 6 -^(^3 + ^4) 



X 5 X 6 





x 3 x 4 



x 2 

^1 



1„2 



\ 



-X3X4 



V i x 2 



-x 2 

-Xi 



-^1 







Xo 

^{X5+X 6/ 





(2.19) 



-x -~(x 5 +x 6 ) 

The pfaffian ideal sheaf of this family, X^ i3 = (P , Pi, P 2 , -P3, -P4), is generated by the following 



They are constructed by a certain orbifolding, and generic members of these one-parameter families 
are quite singular. We expect that crepant resolutions of them are correct mirror families. However such 
resolutions are not found yet. It is expected that we can avoid this problem by our prescription of analytic 
continuations explained in section [3] 
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polynomials: 



P = x x 2 - jxl - -j^{x 3 + x 4 )(x b + x 6 ), 



Pi = x x 3 x 4 
P 2 = x\x 3 x 4 

p 3 = £1X5X6 

Pa = x 2 x 5 x 6 



^T 1 ^ 

- -^x 5 x 6 (x 5 + x 6 ) - ^x 4 x 2 2 , 

_ ^4 ~ ^2^2(^3 + x 4 ), 

- ^x 3 x 4 (x 3 + x 4 ) - ^4 x i-- 



(2.20) 
(2.21) 
(2.22) 
(2.23) 
(2.24) 



In [33] it was observed that z = ip~ 7 G P 1 is the genuine moduli parameter. 

For (X 5 )^, the ambient space is P® l4 23 ^/Zi and xo, xi, x 2 and x 3 are weight 1, and x 4 , 
x 5 and x 6 are weight 2. The orbifold group acts as 

C10 • [xq ■ x 1 : x 2 : x 3 : x 4 : x 5 : x 6 ] = [x : x 1 : (10^2 : Cio^3 : C1V4 : Cw x 5 : Cio^e], (2.25) 



where £10 is the generator of Z 10 and given by do = exp (^). The skew symmetric matrix 
is 



/ 



4 



X(i 



;r 6 



-X4 



-x xi 





i( x o + 4) 
-x 5 

-x 2 x 3 



^(4 + 4) 



\ {4 + 4) 



X X 1 
x 5 X 2 X 3 

1(4 + 4) x e 



-x 6 







> X 4 



X\ 







The pfaffian ideal sheaf of this family is generated by the following polynomials: 

1 ,oo,l 



Po 
Pi 
P2 
P 3 
Pi 



-x 5 x 6 + ^x 2 x 3 [x\ + x'l) + ^{4 + xl)x 4 , 

-XqX 4 Xq -\- —Xa -\- ~r^(Xn ~\~ X^X^^ 

1 2 1 

-XqX\X 2 X 3 + — X 5 + — X 4 Xq, 



-x 2 x 3 x 4 + —x\ + -^{xl + xf)x 5 , 

1 , o 1 



-X4X5 + — X X 1 (x + X x ) + —^(x 2 + X 3 )x 6 



■0 



■w 2 



(2.26) 



(2.27) 
(2.28) 
(2.29) 
(2.30) 
(2.31) 
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In [33] it was observed that z = ip~ 10 G P 1 is the genuine moduli parameter. It is worth 
noting that, in this case, the forms of the hyperplanes in the defining equations are different 
from the other cases, i.e., the degree two form_. 

For (X 7 )^, the ambient space is P( 1 5 j2 2)/Z 7 , where x , x\, x 2 , x 3 and x 4 are weight 1, and 
x 5 and x 6 are weight 2. The orbifold group acts as 



C 7 • [x : Xi : x 2 : x 3 : x 4 : x 5 : x e ] = [x : x x : C%x 2 : C7X3 : C7X4 : (7^5 : C^e], 
where the generator is given by (7 = exp C-y-j- The skew symmetric matrix is 



7)i> 



_ 1 ™3 

V> X 2 



-XqXi — ^£5 



y-^X 6 -X3X4 



X Xi 
1 



X 5 







-x 5 -x 6 -}(x 3 + x 4 ) 



-x 2 



x 5 
x 6 

J03 + X4) 



-A(x + xi) 



\ 



X3X4 
x 2 





The pfaflian ideal sheaf of this family is generated by the following polynomials: 



(2.32) 



(2.33) 



P 
Pi 
P2 
P 3 
Pi 



-x 2 x 6 + —x 3 x 4 {x 3 + x 4 ) + -tz(xo + xi)x 5 



-X 2 X 5 + -^X Xi(x + Xx) + -7^(^3 + X 4 )x6, 

-X 3 X A X b + ^Xg + -TJ (^0 + 3:i)^2> 
1 4 1 

-£0X1X3X4 + -7^2 + jp x 5 x 6, 

-X XiX 6 + —£5 + -^X 2 (x 3 + Xi). 



(2.34) 
(2.35) 
(2.36) 
(2.37) 
(2.38) 



In [33] it was observed that z = ip~ 9 G P 1 is the genuine moduli parameter. 

For (X 10 )^, the ambient space is P( 1 6 2 i)/Z, 10 , and x , x±, x 2 , x 3 , x 4 and x 5 have weight 1 
and xq has weight 2. The orbifold group act as 

C10 • [x : xi : x 2 : x 3 : x 4 : x 5 : x 6 ] = [x : x\ : Cio^2 : Cio^ : Ciq^4 : Cio x 5 : Cio^e], (2.39) 



6 Thus the use of terminology hyperplane is not suitable and we use italic letters for this reason. Precisely 
the hyperplanes in this case are expressed as {xq + ax\ = X2 + /3x3 = 0} (a 2 = f3 2 = —1) and this is 
important in the later arguments in section [ 
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where the generator of Zio is given by Cio — exp (^p). The skew symmetric matrix is 



(iVi 






1 ™4 


X Xi 


X 6 


l(x 2 + x 3 ) 


1 ™4 

V> X 2 





^6 




x 5 


— XqXi 









X4 




-2^3 









(x 2 + x 3 ) 


-X 5 


— X4 


-^(x + Xi) 






/ 

The pfaffian ideal sheaf of this family is generated by the following polynomials: 

V X5 + V 2 ' 



P = -x 2 x 3 a;4 + — x\ + — (x + x^Xq, 



P 1 = -X 4 X 6 + -£ £iOo + X l) + ^2^ 2 + X 3)^5' 

P 2 = -x 5 x 6 + -x 2 x s (x 2 + x 3 ) + ^(xo + x^xl, 

1 o 1 , 

P 3 = -X X 1 X 5 + —X 4 + ^(^2 + ^3)^6, 



-X X!X 2 X 3 + —X 6 -, 



_ 2 2 
2^4X5. 



(2.40) 



(2.41) 
(2.42) 
(2.43) 
(2.44) 
(2.45) 



In [33] it was observed that z = ip~ 8 G P 1 is the genuine moduli parameter. 

In [33] it was observed that the orbifold groups of the above models are 1i\ w \ and the 
genuine moduli parameters are where \w\ = ^2 i=0 

reason behind this fact. 



Wi. 



We do not know the clear 



2.2.3 Holomorphic 3-form and Period 

Every smooth Calabi-Yau 3- fold has the holomorphic 3-form which vanishes nowhere, as 
a global section of u x = Q 3 X . This 3-form is unique up to multiplication with a non-zero 
constant. The pfaffian variety cannot be expressed as a complete intersection and there is 
no way of explicitly getting one in general. However we have an analogous way of obtaining 
it in pfaffian CclSGS, clS R0dland shown in 131 1. 

Let v be a permutation of the elements of Z5. Then the holomorphic 3-form on X\^p ^ C 
F w can be expressed as 



n 



3,0 



(2m 



Res x - - — — uq 



P P P 



p, 



VQV1V2 



\G\ 

(2^)6 J TAX) P U0 P U1 P U2 



Wo, 



(2.46) 
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where 

6 

Uo = ^^( — lyWiXidxo A ... A dxi A ... A dx%. (2.47) 

8=0 

Here, f T means the integral over a small tube encircling 3-fold locus {P uo = 0} fl {P Ul = 
0} PI {P„ 2 = 0} and \G\ is the order of the orbifold group. 

The periods are defined as the integrals of this 3-form over 3-dimensional subspaces in 
Calabi-Yau. For the fundamental period n (resp. the domainwall tension T), 3-dimensional 
subspace is a suitably chosen 3-cycle (resp. a 3-chain whose boundary is a B-brane locus), 
namely, 

Ho (or T) = [ n 3 >° = J% f n P TZ "o- (2.48) 



J {3-cycle or chain} (27Tz) 6 JT e (Xn{3-cycle or chain}) PvoPvyPvi 

In later sections, we evaluate the above period integrals directly. In cases treated in this pa- 
per, the ambient space is a complex 6-dimensional manifold and the above integral contains 
three residue integrals and the integral over real 3-dimensional cycle/chain. Thus the inte- 
grals ( 12.481) are expressed as 6 residue integrals, or 5 residue integrals and a 1 line integral, 
in a 6-dimensional ambient (weighted) projective space, as explained in later sections. 

In Z2-vacua case, the tension of BPS domainwall defined by the above integral has the 
form obtained by shifting n — > n + 1/2 in the fundamental period (up to overall normal- 
ization): 

oo oo 

n = < n ) zn — + T ~ Yl a{ ~ n + V2)2 n+1/2 , (2.49) 

n=0 n=0 

where z is a complex structure moduli, a(n) are certain coefficients, and n runs over all 
non-negative integers. See e.g. [H |2l [151 IB]. This is related to the fact that the domainwall 
tension is one of the solutions of the following modified Picard-Fuchs equation p]: 

(29 + 1)£ PF T = 0, (2.50) 

where £pp is the ordinary Picard-Fuchs operator. Namely, this is one of the solutions of the 
inhomogeneous Picard-Fuchs equation, whose inhomogeneous term is in the following form: 

£ PF T= Const. z l/2 . (2.51) 
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We should be careful with the 1/2-shift in the case of the pfaffian Calabi-Yaus treated in the 
present paper. In this case, the several periods have one more summation (with respect to 
k), in addition to the ordinary summation (with respect to n), whose range runs from to 
a finite integer if we fix n. In particular, the fundamental period takes the following form: 



Moreover, the fundamental period has several different-looking forms that are related by the 
hypergeometric identities [20] • It sometimes happens that, although two such formulas are 
identical in the sense of the fundamental period, domainwall tensions obtained by the above 
simple shift do not coincide. The reason for this is that the hypergeometric identities may 
hold only in the case where the arguments of the Gamma functions are all integers. Thus, 
if we choose an inappropriate form, the summation of k does not stop at a finite value after 
the 1/2-shift. This is not desirable. We must be careful about this. 

In our method, which will be discussed in section [3J the different representations of the 
same period resulting from the hypergeometric identities can be explained simply as how 
differently the local coordinates of the period integrals have been assigned. See f 1 3 . 6 1 j) and 
the explanation below. The additional summation with respect to k can be also understood 
intuitively as the existence of the binomial expansion in the integral formula in our formalism. 



Furthermore, interestingly, we observe that the above simple inhomogeneous term (12.511) 
changes in the case of the pfaffians we treat in this paper. The modification turns out to be 
the following form: 



where Cj (J, = 1, 2, 3) are constants. Thus the computation of the inhomogeneous term may be 
very complicated and our direct computation method of the period integrals is advantageous 
in the present pfaffian cases. The above form of the inhomogeneous term can be understood 




(2.52) 



See e.g., fTOT]) and (Q2]l . 



£ PF T = c lZ 1/2 + c 2 z 3/2 + c 3 z- 



.5/2 



(2.53) 
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naturally since the pfaffians we treat have the following Picard-Fuchs operators: 

£ PF =AQ 4 + Bz(he 4 + b 2 Q 3 + ...) 

+ Cz 2 ( Cl Q 4 + c 2 9 3 + ...) + Dz 3 (d 1 Q 4 + d 2 Q 3 + ...) + Ez 4 ( ei Q 4 + e 2 9 3 + ...), 

(2.54) 

where O = zd z is the Euler operator, and A, B, are certain numerical constants. For 
the concrete expressions of the present models, see [28l [33] . When this operator acts on the 
chain integral, we have the boundary contributions with different powers of z which result in 
the inhomogeneous terms (I2.53j) . In Table [3] in section 1431 we list the inhomogeneous terms 
of the pfaffian Calabi-Yaus we treat. 

2.2.4 Comment on Moduli space 

It is interesting that some of the pfaffian Calabi-Yaus have two maximal unipotent mon- 
odromy points in its complex structure moduli space, where the geometry is maximally 
degenerating or almost so. Each such point corresponds to the large volume limit points 
of different Calabi-Yaus in the A-model interpretation under the mirror map. Thus sur- 
prisingly the complexified Kahler moduli spaces of two different A-side Calabi-Yaus X and 
X' are governed by the same single complex moduli space in the mirror B-side, Xf, and 
described as two different limits of a single Picard-Fuchs operator (conjecture noted in |31j). 
In this paper, we call these two limits as large moduli limit and small moduli limit, because 
in the B-model side they are realized as two limits of ip, namely, ip — >* 00 an d ip — ► 0. 
Using the mirror map and going to the A-model interpretation, we can make the instanton 
expansions at each degeneration point. Our main objective in this paper is to carry out the 
instanton calculations of open string sector, i.e., the disk instanton counting, by using open 
mirror symmetry. 

The models we treat have the following differences. 

• The mirror of the degree 13, (A 13 )^, has two special points in its moduli space. The 
large moduli limit is the model No. 99 listed in [28J. The predicted model of the small 
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limit 


No. in [28] 


(dissl) 


(diss2) 




enuine moduli 


X\s 


large 


99 


1 - 349z - 256^ 2 


13 - 16z 




z = ip~ 7 




small 


225 


1 - 89344a; - 16777216a; 2 


1 + 53248a; 


X 


= -l/(2 16 ^ 7 ) 


x 5 


large 


302 


1 - 1968^ + 256z 2 


5(1 - 16z) 




z = 




small 


oUz (seli-ctuaij 


1 — lyoox + Zobx 


o(l — ibx) 


X 


= — 1/ [2 If) ) 


x 7 


large 


109 


1 - 1080z - 432^ 2 


7-36^ 




z = ip~ 9 


X\o 


large 


263 


1 - 544z + 256z 2 


2(5 - 16z) 




z = ip~ 8 




small 


271 


1 - 8704a; + 65536a; 2 


2(1 - 1280a;) 


X 


= -l/(2 12 ^- 8 ) 



Table 2: Several data at two moduli limits 

moduli limit is the model No. 225 listed in [28], but we do not know the concrete 
construction of the A-model geometry. 

• The mirror of the degree 5, (X^)^, is the model No. 302 listed in [28J. This also has 
two special points in its moduli space, but both correspond to the same Calabi-Yau. 
So we call this model self-dual. 

• The mirror of the degree 7, (Xj)^, which is No. 109 model listed in [28], has only one 
special point in its moduli space. The small moduli limit point is not a maximally 
unipotent point. 

• The mirror of the degree 10, (Xlo)^, has two special points in its moduli space. The 
large moduli limit is the model No. 263 listed in [28]. The small moduli limit is the 
model No. 271 listed in [28], but we do not know the concrete construction. 

Some quantities of the pfaffians are listed in Table [2j Here, (dissl) is the discriminants 
of pfaffian Calabi-Yaus, and Calabi-Yau is degenerate and has double points at its roots. 
(diss2) is the numerator of the quantum Yukawa coupling (see (15.205)) ) and its roots also 
correspond to singular points of the Picard-Fuchs operator. 

In [33], the analyses of (closed) mirror symmetry for the present pfaffian Calabi-Yaus and 
the predictions of the number of rational curves were done. The study in the small moduli 
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limit was done by simply transforming the Picard-Fuchs equations from the large moduli 
limit to the small moduli limit and it was observed that a certain combination of moduli is 
suitable from the viewpoint of the enumerative predictions. In Table [2J we show such com- 
binations in terms of used in ( I2.19p . (I2.26p . ( I2.33P and (I2.40p . It was also observed that 
the shift — y + 1/2 is needed to obtain the correct Picard-Fuchs operators in the small 
moduli limit. In our method, it is possible to understand why such moduli combination and 
the shift — > + 1/2 are needed. 

Finally, before closing this section, we comment briefly the degree 14 case, which is the 
most studied example from closed mirror symmetry viewpoint [3TJ E2] • It was also studied 
from the viewpoint of the GLSM with non-abelian gauge group [Hj. The direct computation 
of Gromov-Witten invariants was done in [16]. Although this model has a very interesting 
and beautiful structure, we do not treat this model in this paper. This model is also 1-moduli 
Calabi-Yau and is interesting in the sense that the A-model side geometries of both of the 
two moduli limits are explicitly known, while the A-model geometries of the small moduli 
limit of the models treated in the present paper are not known. 

The A-model side of the large moduli limit of the degree 14 case is expressed by a 7 x 7 
pfaffian, 

X x = Pf(7) n P 6 C P 20 (2.55) 
and that of the small moduli limit is expressed by a certain Grassmannian, 

X 2 = Gr(2, 7) n P 13 C P 20 . (2.56) 

Here, P 20 is the dual projective to P 20 , and P 6 is the annihilater of P 13 under the dual pairing. 
Thus they are dual to each other (31]. It was showed that they are not birational equivalent, 
but are derived equivalent: 

D\Coh(X 1 )) S D\Coh(X 2 )). (2.57) 

This pair is the first example of a derived equivalence between non-birational Calabi-Yau 
3-folds [ISJ HH]. The field theoretic derivation of this fact by the glop (Grassmannian flop) 
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transition was discussed in [17]. The pfaffians treated in this paper may also have such 
duality between A-model side geometries of the large and small moduli limits. 

3 Direct integration via analytic continuation 

In this section, we discuss the new method for computing the B-type D-brane superpotential, 
proposed in [21J. We call it the direct integration via the analytic continuation. This method 
is very useful to compute the D-brane superpotential efficiently, so is also effective in the 
context of open mirror symmetry. By this method we can reproduce the well-known results 
of the open mirror symmetry for hypersurfaces and complete intersections [21] , thus refer to 
that paper for applications of this method to such rather simple models. Hereinafter we will 
show that this method also works very well for the pfaffian Calabi-Yau manifolds. 

3.1 Application to the pfaffian case 

Let us start to recall the basic procedure of this method. The idea is very simple: by 
introducing the new suitable coordinates and using analytic continuation, we perform the 
period integrals ( 12.481) directly. We explain this method in detail with a view to applying 
to the pfaffian cases. In the following, the several periods are denoted by II (concretely, the 
fundamental period, the logarithmic period, and the domainwall tension are denoted by n , 
III, and T, respectively). 

□Step 1: 

First we introduce the new local coordinates of Calabi-Yau3. The pfaffian Calabi-Yau 

manifolds we treat in this paper have a favorable structure, in the sense that the hyperplanes, 

7 In |21j . when applying this method to the well-known models, we first transform the ordinary coordinates 
to the resolved ones, then we introduce the new suitable coordinates for computation of our method. This 
procedure is clear and convenient for computations of models analyzed in that paper, but in fact slightly 
redundant. As a matter of fact, we do not need to take the above two procedures, it is possible to take new 
coordinates directly, especially for the pfaffian Calabi-Yau manifolds we treat here. 
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cutting by which we define the curve, are appearing explicitly in the defining equations. See 
for example (I4.74p . We introduce the new local coordinates by the following simple rule: 

• Take a local patch where one of hyperplanes is the form 1 + Xi = 0. 

• Introduce the new coordinates, T, Y and (, on two hyperplanes as follows: 

l + Xi = — >l + T = 0, (3.58) 
Xj +x k = — > Y a (C + C 1 ) = 0. (3.59) 



We call ( as the polar coordinate for a geometric reason, as explained 



in [2lf 



These new 



coordinates are useful because the T- and (-part in the period integrals have the same 
structures for all models we treat in this paper. The value of a will be fixed later by the 
condition that the degrees of Y in the defining equations must become 1 or —1. See the 
concrete computations in section HJ 

• Introduce the remaining part of the new coordinates, S, U and W, with respect to 
each invariant monomial under the orbifold group action, which can be naturally seen 
from the defining equations. 

For example, if the defining equations take the form 

P a = f a (xi) + g a (xj)(xi + x m ) + h a (x k ), a = 1,2, 3, (3.60) 
then we introduce a new coordinate, say, S, as follows: 

S -Mr (3 - 61) 

Similarly, U and W are introduced for the other defining equations with a = 2 and 3. 

In fact, other assignments of new coordinates instead of S are possible, for example, we 
can assign 1/S, 1 — 5*, S a , S/W, (1 — 5*)/ S, and so on. The different choices may correspond 
to different expressions associated with several hypergeometric identities. Indeed, in the 
concrete computations in section HJ we perform some coordinate transformations in order to 



Here we use a different convention from j^T] and the C-integral is performed by ( — e l9 , 9 : ~ 2tt. 
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obtain the appropriate expressions of periods. This procedure is crucial for obtaining the 
correct domainwall tension as mentioned in the previous section. 

We note that, for the models except X 13 , one of the defining equations is different from 
O3.60p . as can be seen e.g. in (14.121 p . The brane locus is quite singular and the rule for 
introducing the local coordinates are somewhat different, as shown in f)4. 126j) . 



□Step 2: 

Then we compute the period integral in the new local coordinates directly. Now we have 
introduced six new coordinates, T, (, Y, S, U and W. First we compute integrals of two of 
them by the ordinary residue theorem, picking up suitable poles. As a result, we obtain the 
following integral formula (for the Z 2 vacua case): 

where A, B and C are certain polynomials of the remaining variables. It is worth noting 
that the Z 2 vacua structure can be explicitly seen in this formula as a power of z. (z is a 
genuine parameter of moduli, z = ip~ a : , and a = 7, 10, 9 and 8 for (Xi 3 )^,, (X 5 )^, (Xr)^ and 
(Xlq)^ respectively.) 

□Step 3: 

Then we obtain the factorized integral formula in the following way. First we expand the 
integral formula (13.621) with respect to the genuine moduli. In the pfaffian case, some of the 
models have the large moduli/ small moduli limit points. Our formalism is useful for both 
analyses. For the analysis at large moduli limit, we expand (13.621) with respect to z 1 ^ 2 <C 1, 



■W= /T^?-E--" /2 /^. (3-63) 



A - z 1 / 2 B ^ I A n+l 

n=0 



on the contrary, for the analysis at small moduli limit, expand with respect to z 1 I 2 1, 



n=0 
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Thus we can regard the shift in G 



+ 1/2 in [33] as the effect of the operation n sma u 



2 1 / 2 Il sma ii. In section HJ we shall frequently use II' for denoting the period integral in the 
small moduli region. 

It is important that for the pfaffian cases, one more procedure is needed to obtain the 
factorized form of the period inregral. The reason for this comes from the fact that the 
integrand have a factor (a +&)*, where a and b are some monomials of the remaining variables. 
This binomial expansion leads to the additional summation with respect to k, which appeared 
in f )2.52p . This binomial expansion should be expressed by the Gamma function because % 
will be analytically continued to the general complex number s later (see Step 4). Namely, 
for |6| < \a\ and s G C, 



where means that the summation runs over the range where the Gamma functions in 
the formula do not possess any singularity. This range is determined after performing the 
s- integration (picking up poles at certain integral points). After this procedure, we obtain a 
desirable factorized integral formula. 



Then we perform an analytic continuation of the summation with respect to n to the 
residue integral of Barnes type: 



where the contour of the s-integration encircles all non-negative integers. 

In general, resolutions of singularities arising from the orbifolding construction is needed 
to analyze Calabi-Yaus and typically the toric method is used for obtaining new resolved 
coordinates (see e.g., [2j [151 HH])- Our coordinates introduced in Step 1 seem not to be the 
resolved coordinates. Nevertheless, by the above analytic continuation, several integrals can 




(3.65) 



□Step 4: 




(3.66) 
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be treated without suffering from the problem of singularities. We expect that this procedure 
can be regarded as the alternative procedure for resolution of singularities. 



□Step 5: 

The remaining problem is how to choose the contours of each integral and compute each 
integral via the incomplete Gamma function formula: 

-v (1 — v) =e / dvv (l — v) = —e 



2m 7r J T(a — s)r(s + 1) ' 

(3.67) 

where the contour encircles and 1 in a counterclockwise fashion. From the factorized 
integral formula, we can obtain both the fundamental period and the domainwall tension. 
The difference between them is simply the difference between a contour and a line integral, 
with respect to one of local coordinates. It is worth noting that the structure of the (- and T- 
integral are the same for all of the models we treat in this paper. After evaluating all integrals 
over local coordinates and performing the residue integral over s, we can obtain desirable 
analytic formulas of the fundamental/logarithmic periods and the domainwall tension. 

For the fundamental period, we choose contours (closed paths) for all of variables. This 
procedure is due to the fact that the fundamental period is defined as the integral of the 
holomorphic 3-form over a certain 3-cycle, i.e., a boundary-less object. Since there are some 
possibilities of contours encircling several poles, we must find the suitable choice of contours 
which give the correct formula of the fundamental period. The residue integral with respect 
to s have single poles at s — 2n, and the result is the form of summation with respect to z n . 
For the domainwall tension, we replace one of contour integrals with a line integral: 

•i 



(3.68) 

We regard the resulting integral as a 3-chain integral, and intuitively the two end points of 
this line integral can be identified as the positions of two branes []. By this operation, the 



9 For all of the models except X13, the brane is singular and its position is somewhat unclear. Nevertheless 
we can also apply this operation to those models. 
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number of sine factors in the integrand changes and the pole structure of the residue integral 
with respect to s is affected. It is possible to divide the domainwall tension into two parts 



T= / (...)= / (...)+ / (...) = W + -W-, (3.69) 
7-i Jo J-i i— 

and we can regard two integrals as each superpotential of two branes, W± o After the 
operation (13.681) . the s-integration has double poles at s = 2n and single poles at s = 2n + l, 
and the result is the sum of the fundamental period n and the logarithmic periods Hi (the 
summation with respect to z n ) and the domainwall tension r (the summation with respect 
to z n+1 ' 2 ): 

W ± (z) = —^ 1 ±^ 1 ±-t(z)- (3-70) 
±K ' 2ni 2 4 2 K ' K ' 

W + and W_ turn out to be related to each other by the following simple relation: 

W_(^ 1/2 ) = -W+i-z 1 ' 2 ). (3.71) 

Thus, we may concentrate on the evaluation of W+. r in (I3.70p is nothing but the generating 

function of disk invariants under the A-model interpretation (12.41) . We use the normalization 

2r4°' real > _ vr 2 t(z) 
^ k 2 ~ 2 U (zY [6JZ) 

d,k: odd uv ' 

according to the well-known cases of hypersurfaces/complete intersections. In section |5j we 
will discuss possible modifications of this overall normalization by one-loop considerations. 

We note that the method via the inhomogeneous Picard-Fuchs equation [2] determines 
the domainwall tension up to solutions of the homogeneous equation, and such ambiguities 
can be determined via the monodromy arguments (see e.g. [U [15j [16]). Our method may 
enable us to obtain superpotentials of both branes rather economically, although we have a 
subtle problem with a normalization as mentioned below. 



3.2 Normalization 

Before closing this section, we comment on certain subtleties of the normalization problem. 

We should be careful with the normalization for both the domainwall itself and the mirror 
10 Note that we use different conventions from [21], for (|3.68[) and p.69|) . Furthermore, for X$, the 
situation is different as explained in more depth in section f4. 21 
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relation. In [18J, it was discussed that the correct normalization of the domainwall tension is 
related to the order of a certain orbit of the orbifold group. The normalization of the mirror 
relation can be determined exactly by comparison with the A-model calculation. 

In our formalism the normalization problem is very delicate since the procedure of an- 
alytic continuation may result in unclear overall factors. For example, we have ambiguities 
of the form e 27r * s resulting from the choice of direction of some contours. These ambiguities 
do not affect the final result since in the end the values of s must be integer. However it is 
possible that worse ambiguities appear. 

Furthermore, for the domainwall tension, we have the additional ambiguity of an overall 
normalization due to contributions from some local patches. The problem is that the holo- 
morphic period (I2.46P is defined on the affine patch {Pv 0Ul u 2 0}- Furthermore, to cover 
the entire brane, we need some local patches. The correct normalization of the B-brane 
superpotential can be obtained by taking into account the contributions from all patches 
|21j . and in pfaffian cases, it is not clear how to consider several contributions properly. 

Since we do not have the A-model pictures and calculations so far, instead of computing 
the correct normalization, we put the suitable normalization factor by hand in this paper. 
We try to fix this ambiguity by imposing the integrality of real BPS numbers of both tree 
and one- loop level in section 

4 Disc instantons of Pfaffian Calabi-Yau 3-folds 

In this section, we carry out the concrete computations of the direct integration via the 
analytic continuation discussed in the previous section. 

4.1 Mirror of degree 13 

The large moduli limit of X13 is the model No. 99 and the small moduli limit of this is the 
model No.225 in [28]. 

By choosing a suitable permutation v in (12. 48ft . the holomorphic 3- form can be expressed 
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by the following equations: 



where 

11 

Pi = X0X3X4 - —x 5 x 6 (x 5 + x 6 ) - -^xix 2 2 , (4.74) 

11 

P 3 = xix 5 x 6 - -Xq - ^^2(^3 + 2:4), (4.75) 

P 4 = x 2 x 5 x 6 - ^x 3 x 4 (x 3 + x A ) - -jpxlxx, (4.76) 

P134 = x 6 x 6 . (4.77) 
As noted previously, we choose the B-brane (holomorphic curve) as follows: 

x 3 + x 4 = x 5 + x 6 = 0, (4.78) 
XqxI + -^-rXixl = 0, x\_x\ + — x\ = 0, x 2 x\ + -^xlxi = 0. (4.79) 

In the following computation, we take a local patch £3 = 1. The computations in other 
patches are exactly the same and their contributions merely change the numerical overall 
factor of the final result. The overall factor of the domainwall tension will be discussed later 
by considering the one-loop amplitude. The other models are treated in a similar way. 

Following the general theory, we introduce new coordinates. T, Y and ( are introduced 
for hyperplanes as explained in section [31 and W, S and U are introduced as below: 

X X 3 X 4 _ I 1_ XiX 5 X 6 _ 1 ^ X 2 X 5 X 6 _ ^ 

X\x\ %p 2 W 2 ^ Xq V ' X^X\ ip 2 

The power of W is chosen for later convenience. Then we obtain the following transformation 
law: 

Xo = ^3/4 y 5a/6 T l/12 (S ,-l/4 [/ -l/6 M/ l/6 ) 

x 3 = l, x 4 = T, x 5 = F a C, x 6 = y a C _1 . (4.81) 



28 



The defining equations in the new coordinates becomes (a is fixed to 6/13) 

p x = ^3/4^5/13^3/12^-1/4^-1/6^1/6^ _ ^2 _ ^~7/4(£ + £-l) T -13/12y ^1/4^1/6^-1/6] ? 

(4.82) 

p 3 = ^5/4^15/13^/4^-3/4^-1/2-^1/2^ _ j _ ^-7/4 (1 + ^^7/12^-^1/4^5/6^7/6^ (4 g 3) 

P 4 = ^FT 5 / 12 ^- 1 / 4 ^- 5 / 6 ^ 5 / 6 ^ - 1 - ^" 7 / 4 (l + T)T 7 / 12 F~ 1 S' 1//4 ?7 5//6 W / ~ 5 / 6 ]. (4.84) 

The defining equations of the brane in the new coordinates are 

1 + T = 0, Y a (C + C 1 ) = 1 S=l, U=l, W = ±l. (4.85) 

Thus the curve can be regarded as two families with respect to the discrete open moduli ±. 
Now, we introduce a genuine moduli z = ip~ 7 . Then the period integral is 
2 [ dYdTd(dWdUdS 1 



(2ttz) 6 J YT(W [1- W 2 -z l / 4 (C + C~ 1 )T- l3 / 12 YS l / 4 U 1 / 6 W- 1 / e ] 

1 



[S - 1 - zV4(i + ^T^/izy-is-i^^s/e^T/e] 

X [t/ - 1 - ^V4(i + T)T 7 /i2y-i 51/4^5/6^-5/6] • ( 486 ) 
First we perform the ^-integration by picking up the pole at Y^ 1 = zl / 4Tr / 12 ^ 1+ ^l/ iu5/6w - 5 / 6 ■ 
2 f dTd(dWdUdS 



{2mf J T(W {{1-W 2 ){U -l)-z 1 /*{T- 1 / 2 + T 1 / 2 ){( + (-^S^UW- 1 } 

x [s-i-w 2 (u-i)y (487) 

The [/-integration is performed by picking up the pole at U = 1 + W~ 2 (S — 1), 
2 f dTd(dWdS 1 



n 



(2tt«) 4 J T(W [(S - 1)(1 - W 2 ) - zV2(TV2 + r-V2)(( + £-1)51/2-^-1(^2 -1-5)] 

(4.88) 

In the following, we concentrate on the evaluation of W+. W_ can be obtained easily using 
the relation (13. 71ft . We introduce a new coordinate X = W 2 and the following notation: 

AfrQ^iTW + T-WXC + C 1 )- (4-89) 
Then, the period integral becomes 

n- 1 I dTd ^ dxdS 1 (4 90) 

" (2tu) 4 J T(X [(S -l)(l-X)-z 1 / 2 A(T,()S 1 / 2 X-V 2 (X + (S -1))]' l ' ; 
This is the basic formula for both large and small moduli analyses. 
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4.1.1 Large moduli limit 

First we consider the large moduli limit, z 1 ^ 2 < 1. As noted previously this is the model 
No. 99 in [28]. By expanding around the large moduli limit point, the period integral becomes 



oo 



|T _ V z ^ I dTdC A(T C) n f dXdSS^X-^-\X+(S-l)r 

^' I (2myT( 1 ' U J {2mf (S - l)»+i(l - X)^ ' [ ' 



n=0 



Using the following binomial expansion: 

f(k + l)r(n - k + 1) 



we obtain the following factorized integral: 



oo 



n = V ^ 2 <L d( {e + ir I dT {T + 1)n V r(n + 1} 



27ri C n+1 / 27ri T™/ 2+1 ^ r(fc + l)r(n - Jfe + 1) 



X 



/ d^ X n/2-k-ln _ X) -n-l I ^_ S n/2^ _ m -n+k-1 ) -n+fc-1 (493) 
/ 2tTZ / 2tT2 



Then we perform the analytic continuation of the summation to the Barnes-type integral 
formula: 

r rfs TTcosM /2 /• dT (T + 1T / dC (C 2 + l) s v- r( a + 



2vri sin(7rs) J 2?™ T s / 2+1 / 2ttz C s+1 T(s — /c + l)r(jfe + 1 



x 



I ^^(l - S)-^ 1 / ^X«/2-fc-i(i _ x)- 3 - 1 . (4.94) 
/ 2ni J 2ni 



Each integral in the above formula can be evaluated as follows: The (- and T-integral can 
be evaluated as 

-2 



These integrals are common for all the models in this paper. The S"-integral gives 

-,i(s- k ) T( a /2 + l) 



I^ S s/2f 1 _ S S-s+k-l = _ e - 

J 2m 



(4.97) 



r(jfe-s/2 + i)r(s-jfe + i)' 

For the X-integral, we choose a contour integral for the fundamental period and a line 
integral for the domainwall tension. 
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First we consider the fundamental period. In this case we have 

—X s l 2 - k -\l - X)- s - 1 = -e~™ - r(g/2 ~^ } r. (4.98) 

2iri v ' r(-s/2 - ife)r(s + 1) V ; 

By collecting all results and performing the s-integration, we have simple poles at s = 2n 

and the period integral becomes 

_f ds 7rcos(7rs)cos(7Tg/2) _ nis/2f s/2 T(s + l) 2 ^ T(s + 1) 

~ J 2m sin(7r S ) 6 [ )Z r(| + l) 4 ^ 



X 



2 . , , T(k + l)T(s - k + 1) 

r(s/2-jfe) r( s /2 + i) 



r(s + i)r(-s/2 - A) r(s - k + i)r(-s/2 + k + 1) 

r(n + A; + l)r(n + l) 
r(fc + l)r(2n - A; + l) 2 r(A; - n + l) 2 ' 




(4.99) 



In the above formula, the summation with respect to k runs from n to 2n. After changing 
the summation variable to / = k — n, the fundamental period becomes 

,, V „|-»| T(2n + l + l)T(n + l) 

h In I ^r(n + / + i)r(n-z + i) a r(z + i) 2 




z=o 

2n + Z 
n 




(4.100) 



This is exactly the same as the formula in [28J and 

Then we consider the domainwall tension (precisely, one of superpotentials, W+). We 
replace one of contour integrals (with respect to X) with a line integral. As noted previously, 
W_ can be obtained easily by transforming This is also true for the other 

models except X 5 . 

The line integral of X is evaluated as 

J 1 rfXX^-^l - X)— 1 = r( ^ 2 _~^ ( fc ~ g) . (4.101) 

Thus we obtain 

1 f ds it cos( 7i s) cos( 7i s/ 2) < 9 T(s + l) 2 r(s + 1) 

n\ =— / — -4 — : — ■ — — - — ^i2^ 

(4.102) 



2m J 2m sin 2 (vrs) ~ T(s/2 + l) 4 ^ r(fc + l)T(s - k + 1) 

r(— s)r(s/2 - fc) r(s/2 + i) 



r(-s/2 - k) T(s-k + l)r(-s/2 + fc + 1) ' 
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This has single poles at s = 2n + 1 and double poles at s = 2n. Thus, the result is 
W+ = t^Hi + ~IIq + |r, where n is the fundamental period given in (14.1001) . IT is the 
logarithmic period given by 



2 / \ / \ 2 
2n\ / 2n + k \ In 



n 1= noio g ^ + ^zM Yl 

n =o \n J k=0 y n J \k 

x [A^(2n + 1) - 3^(n + 1) + 2^(2n + jfc + 1) - *(n + k + 1) - 2^(n - k + 1)], 

(4.103) 



and r is given by 

V c n + i /2 r(2n + 2) 2 2 ^ r(n + fc + |)r(n + , ; 

^ r(n + |) 4 ^ T(k - „ + |) 2 r(2n + 2 - A;) 2 r(A; + 1) " 



T 



By the use of the mirror map, the formula (14. 104)) with a normalization (13.72)) gives the 
following integral real BPS invariants (up to overall normalization) of low degrees: 



n (0,real) = ^ ^real) = ^ ^(O.real) = ^resl) = ^Q.real) = 32866812; 



(4.105) 



The real BPS invariants of higher degrees are listed in appendix 1X1 



4.1.2 Small moduli limit 

This is the model No. 225 in [28]. Let us restart with the formula ( 14.901) : 

1 r dTd(dXdS 1 
~ (2^ J TCX p - 1)(1 - X) - z 1 / 2 A(T, C)^ 1 / 2 X-V2(x + S - 1)] ' ( ' 106) 

Now we consider small moduli limit, z^ 1 ^ 2 <C 1, and rewrite (14.1061) as 

1/2 r dT(dXds_ 1 

J (2ttz) 4 TCX [A{T,()S 1 / 2 X- 1 / 2 (X + S - 1) + z-V 2 (l - X)(l - S)}' 1 ' ' 

The shift — > + 1/2 noted in [33j can be naturally explained as the following gauge 
transformation of the period, 

n — >Tl' = z 1/2 Tl. (4.108) 
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Now consider the following transformations (T, () — > (T',('): 



Then, 



= 1 = _ 2 4 A , (r n -idT'd(> 

where A'(T', C) = (T' 1/2 + T'" 1/2 )(C' + C'" 1 ) = 2 4 A(T,C)~ 1 . In the following, we drop the 
prime symbol ' for simplicity. 

As a result, the period integral becomes 

1 

l\X + S - 1) + 2- 4 z- 1 / 2 A(T, C)(l -X)(l- S)] ' 

(4.111) 



tt' = x / 2 n = / dTd ( dxdS 

1 ' Z J (2tu) 4 TCX [S^X- 1 



To obtain the appropriate form of the periods, we perform the coordinate transformations, 
S — > \/S, X — > ~zrX and S — > 1 — S, in turn. Then we obtain 



IT 



s 

dTd(dXdS 



(2«) 4 TCX 1 /2 1 si/2 [(! _ _ X ) + 2-%- 1 /M(T, O^X 1 ^! _ £-)(i _ + X)] 

(4.112) 



Expanding this around the small moduli limit point, we find 

IT=V(-2V 1 / J ? /" dTd < A{ T CY f dXdS ^ /2 - 1/2 *" /2 ~ 1/2 ((l -S)(l-X)+ XT 
^ J J (2m) 2 T( 1 ' W ./ (2m) 2 (1 - S')»+ 1 (l - X)^ 1 

(4.113) 

Under the following binomial expansion: 

((i -s)(i-x)+ xr = E r(n-fc + 1)^ + 1) x "^ (1 - - x)fc ' (4114) 

and performing the analytic continuation, we obtain the factorized integral 

/" ^^cosH W2 4 1/2 /• dTdC , /T .,^ T(s + 1) 

7 2m sin(7rs) J 7 (27ri) 2 TC [ } ^r(s-ib + l)r(A; + l) 



x 



f ^ X 3s/2-k-l/2^ _ x ys+k-l f dS_gs/2-l/2( 1 _ gy,+k-l m (4.115) 
27T2 ^y 27T?- 
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First, let us consider the fundamental period, IIq. The T- and (- integral are the same as 
( I4.96P and (I4.95p . respectively. The other parts can be also evaluated easily by using (I3.67p . 
Then we have simple poles at s = 2n. By performing the residue integral with respect to s, 
and by introducing the genuine moduli x = — (2 16 z)~ 1 , the fundamental period in the small 
moduli region becomes 

U'-T *"2- H 2 V r(2n + l)r(3n-fe + l/2) 

At first sight, the above formula seems strange since the arguments of the Gamma func- 
tions are half integers although this is the fundamental period. Moreover, we have extra 
2 8n factor which looks like redundant. However, it is possible to bring this extra 2 8n factor 
into the Gamma functions and solve these problems simultaneously. In [33], it was observed 
that x = — (2 z) is the genuine moduli parameter, although the meaning of the factor 2 16 
is unclear. It is interesting that by our method, we can naturally obtain the good moduli 
parameter x as above. The meaning of the shift — > + 1/2 noted in [33J can be also un- 
derstood naturally in (14.1081) . These arguments are also valid for the small moduli analyses 
of the other models. 

Now, we consider the domainwall tension (precisely W' + ). We replace the contour inte- 
grals with respect to X with the line integral. As a result, the period integral have simple 
poles at s = 2n + 1 and double poles at s = 2n. Thus we obtain W' + = + jU' + \t\ 

where n' is the fundamental period given in (I4.116p . 11^ is the logarithmic period given by 

II' -IT log z + V x^ r(2n + l)r(3n-)b + l/2) 

1 ° g h \n) ^r(-n + A; + l/2)r(2n-fc + l)3r(fc + l) 

x [6^(2n + 1) - 4^(n + 1) + 3^(3n — k + 1/2) - 6^(2n - k + 1) 

+ V(-n + k + 1/2) + 4^(1) - 4^(1/2)], (4.117) 

and t' is given by 

> = V r n + l/2o8n + 4 r(2n + 2f ™ T(2n + 2)T(3u - k + 2) 

^ r(n + 3/2)4 T( _ n + m2n _ k + 2) 3 T{k + 1 y ' > 
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By this formula, we find the real BPS invariants (up to overall normalization) of low 
degrees: 

n (0,reaJ) = n (0,real) = ^gg^ ^(O.real) = 2 553i50912, r4°' real) = 34649296391104, .... 

(4.119) 

The real BPS invariants of higher degrees are listed in appendix [K\ 

Next we consider the other models, X5, Xj and X\q. Their structure is quite similar to 
the one of X13. However, there are some important differences. First, the hyperplanes of X5 
by which we define the brane have the degree 2-form, xf + x| = 0. So we need to modify the 
local parametrization of T and (. Second, for all of these three models, some of the local 
defining equations have different structures in a way that the brane equations obtained after 
cutting by two hyperplanes are quite singular and the positions of the branes are somewhat 
uncertain. Third, the most important difference, X5 and X10 have two special points (the 
large and small moduli limits) in their moduli space, just like X13, but X7 have only one 
special point (the large moduli limit) in its moduli space. Furthermore, X 5 is self-dual, 
namely, the Calabi-Yaus realized in the large/small moduli limits are in fact the same one. 

4.2 Mirror of degree 5 

The phaffian Calabi-Yau X5 corresponds to the model No. 302 in [28] and has the so-called 
self-dual structure, as stressed previously. We can confirm this feature by explicit computa- 
tions, at the level of the integral formula. 

We choose Pi, P2 and P3 for constructing holomorphic 3-form: 

Pi = -X XiX 6 + — x\ + \^{x\ + ^3) X 5, (4.120) 

p 2 = -x x 1 x 2 x 3 + —x\ + j^x A x 6 , (4.121) 
P 3 = -x 2 x 3 x 4 + -x\ + ^(x 2 + x\)x b , (4.122) 
Pi2-i = \x b . (4.123) 
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As noted previously, the hyperplanes are the following degree 2 forms: 

x 2 + x 2 = 0, x 2 2 + x 2 3 = 0, (4.124) 
and the defining equations of the brane are 

x xix 6 - —x\ = 0, x xix 2 x 3 - — x 2 - -^x 4 x 6 = 0, x 2 x 3 x A - —xl = 0. (4.125) 

ip ip ip* ip 

By introducing new coordinates as follows: 

X Q XiX§ 1 X 2 X 3 X 4 1 v x 4 x 6 

2 — = T ' 2 — = T ' — 2~ = (4.126) 



xf Ip Xq ip x\ 

we have the following transformation lawful 

Xo = i, x^r 1 / 2 , x 2 = r a / 2 c 1/2 , x 3 = y a/2 r 1/2 , 

X4 = ^t^Y^S-^X- 1 / 3 , 

X5 = ^/2 T l/4ya/2 S -l/2 x -l/2 [f -l/2 ) 

= ^ T l/6y2a/3 5 -l/3 x -2/ 3> (4^7) 

Then, the defining equations in the new coordinates are (a is fixed to 6/5) 

P 1 = ^2/3^4/5^-4/3^-2/3^ _ g + ^,-5/2^ + C -l )r -6/12y ^5/6^1/6^-1/2] ? 

p 2 = T 1 / 2 y 6 / 5 5 , - 1 .X'- 1 Er 1 [(l - 5X)C7 + 1], 

P 3 = ^8/5^/3^-2^-4/3^ _ x + ^-5/2 (1 + ^-l/My-l^l/e^S/e^-l/^ (412g) 

The defining equations of the brane in the new coordinates are 

1 + T = 0, Y" 6/5 (C + C _1 ) = 0, 5=1, (1-3X)U + 1 = Q, X = l. (4.129) 
This is interpreted as a single brane and the other brane of Z 2 vacua will be discussed later. 



11 The powers of T, £ and Y for X$ are different from those for the other models because the degree of 
the hyperplanes is different. Thus, it is natural that the £- integration is performed by £ = e l9 , 8 : ~ 47r, in 
this case. 



36 



Now we introduce a genuine moduli z = ip . Then the period integral is 
10 f P 123 

n =— — -7T / - - - uj 



(2m f J P^R 



3 



1 1 /" dYdTdCdU iri1v 1 

-dSdX- 



2(2m) 6 7 YT(U [l-S + 2 1 /4(^ + ^-i)T-5/i2y > s5/6 X i/6 [/ -i/2] 

X [(1 - SX)[7 + 1] [1 - X + *V4(i + T)T- 1 /i2y-i,si/6x5/6 [/ -i/2] • ( 4 - 130 ) 

First we perform the Y- integration by picking up the pole at Y = ^i/4( ( ^-i)r-^75 1 ,s5/ 6 x 1 /6i7-i/2 > 
and the integral becomes 



2 (2m) 5 y TCC/ [(1 - SX)f/ + 1] [(1 - X)(S - 1) - z 1 /2i(T, O^Xf/- 1 ] ' 

(4.131) 

Here we use the notation (14.891) . The [/-integration is evaluated by picking up the pole at 
U = g ^_ 1 , and we find 

11 = 2 (2^)4 / ~T^ dSdX [(1 _ X )(l - 5) - zV2A(T, C)5X(5X - 1)] • (4 ' 132) 
4.2.1 Large moduli limit 

First we consider the large moduli limit, z 1 ^ 2 <C 1. Then, expanding (I4.132p around the 
large moduli limit point, we have 

rr_ 1 ^n/ 2 /' rfT ^C Afrr ^ n f dSdX S n X n (SX-l) n 

2^ Q Z J (2iri)*T{ ( '° 7 (27ri)2(l-^) n+1 (l-5) n+1 ' ( } 

Under the following binomial expansion formula: 

and performing the analytic continuation, we obtain the factorized integral 

1 f ds 7rcos(7r S ) s/2 f dTd( , rrn . V r( g + l)(-l) fc 

2 y 2™ sin(Trs) J (2m) 2 T( 1 ' U ^ r(s - A: + l)r(fc + 1) 

x ! —S 2s - k (l - S)-*- 1 [ —X 2s - k (l - XV s - 1 . (4.135) 
J 2ni J 2ni 
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The T- integral is the same as (I4.96p . The (- integral is 2x (I4.95P (according to the fact noted 
in the footnote in the previous page), and the pre-factor 1/2 in the above formula is canceled. 
The S- and X- integral can be evaluated by using (I3.67p . 

Then, collecting all integrals and performing the s-integral, we have poles at s = 2n and 
the fundamental period leads to 

II fvP^Vf n * F(4n-A: + 1)3 

I I > Y(2n — k + l) 3 T(2n + l)T(k + 1) 



n=0 \ n 



oo 




2 



= E 2 " I B-i)*( ,11 , I <.*-m 

n=0 ' 

Although the above formula seem to be different from the one obtained in [53], it is possible 
to prove that they are equal to each other by the use of hypergeometric identities o Such 
is the case with the period formulas of the other models X7 and Xio discussed later. 

For the domainwall tension (precisely W+), by replacing the contour integral with respect 
to X with the line integral, we find simple poles at s = 2n + 1 and double poles at s = 2n. 
As a result, we obtain W + = j-^Hi + tII + |r, where n is the fundamental period given 
in ( 14.1361) . Ili is the logarithmic period given by 

n 1= n io gz + E.»y g(-') fc r(2n _ fe+ ( im2n+ W + 1) 

x [2^(2n + 1) - 4^(n + 1) + 8^(4n - jfc + 1) - 6^(2n — k + 1)], (4.137) 
and r is given by 

A. r(. + 3/2)<^ > T(2n - k + 2)»r(2n + 2)r(t + 1) ' l ' ' 

It should be noted that the relation (I3.7ip does not hold in this be seen 

from (14.1321) . We consider in the following way. The hyperplanes in this model are precisely 
expressed by {xq + ax\ = %2 + (3xs = 0} (a 2 = (3 2 = —1). The superpotential obtained in 



12 As a matter of fact, in [30], there are many lists of some different looking formulas of periods which are 
in fact the same. 
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the above calculation (it is denoted by W+) is that of the brane with a = +i and /3 = +i. 
Now we consider another brane with a = +i and = —i. Then the factor A(T, Q in ( 14. 132[) 
has a minus sign. This is interpreted as the superpotential of another brane, W_, which is 
defined by another set of the hyperplanes. Similar structures are observed for models treated 
in [18]. 

By the formula (I4.138p . we can obtain the following real BPS invariants (up to overall 
normalization): 

n (0,real) = ^ n (0,r e al) = ^ ^.real) = 2 5 552, = 121112796, .... (4.139) 

The real BPS invariants of higher degrees are listed in appendix [X] 
4.2.2 Small moduli limit and Self-duality 

Then we turn to study at the small moduli limit and confirm the self-dual property. As 
above we use the notation (14.891) . We turn back to the period integral (I4.132p : 

11 = 2 J (2m^TC dSdX [(1 -X)(l-S) + zV*A(T, QSX(1 - SX)] ' (4 ' 140) 
In the small moduli limit z~ 1 ^ 2 <C 1, by considering the same transformations as (14. 109j) . we 
find 



2 J (27ri) 4 T'C [SX(1 - SX) + 2- 4 z- 1 / 2 A'(T',C)(l - X)(l - S)Y 

(4.141) 

where A'{T',(') = (T' 1/2 + T'~ 1/2 )(C + C'" 1 )- In the following, we drop the prime symbol ' 
for simplicity. 

Performing the coordinate transformations, X — > (X — 1)/(SX) and S — > 1 — S in 
turn, we have 

rr = z^u = \ ! , dTd i dSdx 1 



2 J (2vri) 4 TC [(l-S)(l-X)-(2 8 z)- 1 / 2 A(T,()SX(l-SX)Y 

(4.142) 

Thus, we have exactly verified the self duality of X$ under 

n' = z 1/2 n, x = -l/(2 8 z). (4.143) 
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x is a good genuine moduli parameter in this small moduli limit and the shift — > + 1/2 
noted in [33] can be naturally explained as the gauge transformation of the period, II — > 

it = z l ' 2 n. 



4.3 Mirror of degree 7 



The pfaffian Calabi-Yau is the model No. 109 in [28] . 

We choose the P2, P3 and P4 for constructing the holomorphic 3-form: 

I 1 

P 2 = -£3X4X5 + -Xg + ^(^0 + xi)xl, (4.144) 
1 1 

P3 = -X0X1X3X4 + — x\ + -^x 5 x 6 , (4.145) 
P 4 = -x xix 6 + ^x\ + -^fe + ^4), (4.146) 
^234 = ^4 (4.147) 

The hyperplanes we choose is Xo + x\ = X3 + X4 = and the defining equations of the brane 
are 

X3X5 + -^Xg = 0, XpXg - ix^ - ^x 5 x 6 = 0, XoX 6 + ^-X5 = 0. (4.148) 
By introducing new coordinates as follows: 

X3X4X5 1 2 X XiX 6 1 X 5 X 6 1 

— = T ' T~ = T ' ~~ T" = V> c' 4.149 

Xq ip x\ y x\ b 

we have the following transformation law: 

Xq = 1, Xl = T, (4.150) 
X2 = ^y'WtWu-WW- 1 ' 2 , (4.151) 
x 3 = y a C, x 4 = r a r 1 , (4.152) 

X5 = ?/; y2a/3 T 2/3 f/ - 2 /3 H/ -2/3 ) ^ = 4^1/3^-1/3 ^-4/3_ (4-^3) 
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The defining equations in the new coordinates are (a is fixed to 6/7) 

P 2 = ^F 16 /7 T 2/3 [/ -2/3 w ,-8/3 [1 _ ^2 + ^-9/4 (1 + ^^-1^3/4^/12^-1/12^7/6]^ ^ ^ 

p 3 = Y 12/1 STU^W^S-^l + S- UW 2 }, (4.155) 

P 4 = i,Y^T^U-^W~^\\ -U + ^" 9/4 (C + ^YS^T-^U^W- 1 ^ 6 ]. (4.156) 

The defining equations of the brane in the new coordinates are 

1 + T = 0, Y^iC + C 1 ) = 0, U = l, 1 + S-UW 2 = 0, W = ±l. (4.157) 



Now, we introduce a genuine moduli z = ip 9 and a new coordinate X = W 2 . Then, 
n 7 /• P 234 

dSdUdX ' 



(27ri) 6 y P2P3A 

dTd(dY 



(27ri) 6 y TCF [1 - X + z-V4(i + 7^7-153/471/12^-1/12x7/12] 

x [1 + 5 - ux] [1 - c7 + z-y^ic + (-^f^t-v^^/^x-i/^] • ( 4 - 158 ) 

For the ^-integration, we perform a residue integral at the pole S — UX — 1, and the integral 
becomes 

1 f dTdC^dY 1 
n=— — / —r^—dUdX- 
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(2vri) 5 y TCF [1 - X + zV4(i + T)Y~ l {UX - i)3/4 T i/i2rj-i/i2 X 7/ 

X [1 - U + i 1 ^ + (-^(UX - l)3/4y T -7/12 f/ 7/12 X -l/12] " ( 4 " 159 ) 

For the F-integration, we pick up the pole at Y = 2 i/4 (c+c -i ) (j JX _ 1 ^74 1 r -7/i2 Lf 7/i2 X -i/i 2 , and 
we find 



11 (2th) 4 / 



^r^c 

~T^ aU [(1 -X){l-U)- z 1 / 2 A(T, C)(UX - 1)3/2^1/2^1/2] • 



-dUdX — - — — — — — (4.160) 



Then, expanding this around the large moduli limit point (z 1 ^ 2 <C 1), we have 

dTd( . /rT1 ^ n f dUdX (UX - l)3n/2 f/ n/2 X n/2 

Under the following binomial expansion: 



n f z «n f *?« r dUdx (ux - 

"V 7 (2m) 2 TC 1 ' U J (27ri) 2 (l-X)»+i(l-C/)" +1 ' 1 ' 



fe 
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and performing the analytic continuation, we obtain the factorized integral 

_ f ds ttcobM /2 [ dTdC v T(3s/2 + l)(-l) k 



2?ri sin(7rs) J (2vri) 2 TC ^ r(fc + l)r(3s/2 - k + 1) 

x f ^£/2»-*(l - i / ^jf 2 - fc (l-X)— ^ (4.163) 

The T- and £-part are exactly the same as in the other models, (I4.96P and (14.951) . The U- 
and X-part can be evaluated by using (13.671) . 

Collecting all results, we find simple poles at s = 2n, and the fundamental period is 
N r(2n + l) 2 ^. k T(3n + l)T(4n - k + l) 2 



^ T n + l 4 ^ V 



T(n + 1) 4 ^ v T(3n — k + l)r(2n - k + l) 2 r(2n + l) 2 r(A; + 1) 




A: 



2 

3n\ I 4n — k 



(4.164) 



n=0 




k \ 2n 

We can show that the above formula is the same one obtained in (33] by the use of hyperge- 
ometric identities. 

For the domainwall tension (precisely W+), by replacing the contour integral with respect 
to X with the line integral, we find simple poles at s = 2n + 1 and double poles at s = 2n. 
As a result, we obtain W + = j^IIi + |n + ~r, where Il is the fundamental period given 
in (14.1641) . Ill is the logarithmic period given by 

~ (2n\ 2 ^ , /3n 

n 1= noiog^ + ^z" £(-i)M , , 

n =o \n J k=0 yk J y 2n 

x [-4*(n + 1) + 3^(3n + 1) - 3^(3n - fc + 1) + 8^(4n - Jfe + 1) - 4^(2n -k + 1)], 

(4.165) 

and t is given by 

n+l/2 T(2n + 2) 2 2 ^ (-l) k T(3n + 5/2)r(4n - k + 3) 2 

4^ r(n + 3/2) 4 ^ T(3n - k + 5/2)T(k + l)T(2n - fc + 2) 2 r(2n + 2) 2 ' 1 ' J 

/I — /l — 

By the use of the mirror map, we can obtain the prediction for the real BPS invariants 
(up to overall normalization), as follows: 

n (0,real) = ^ ^(O.real) = ^ ^(O.reaJ) = ^.real) = ^3475^ ^(O.real) = 5377^3402^ 

(4.167) 
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The real BPS invariants of higher degrees are listed in appendix [A] 



4.4 Mirror of degree 10 

For the large moduli, the pfaffian Calabi-Yau X 10 is the model No. 263, and for the small 
moduli, this is the model No. 271, as listed in [28J. 

We choose Pq, P 3 and P4 for constructing the holomorphic 3-form: 

1 . 1 

P = -x 2 x 3 x 4 + —x\ + -7^(x + xi)xq, (4.168) 
ip ip z 

1 1 

P 3 = -x X!X 5 + —x\ + -75(^2 + x 3 )x 6 , (4.169) 

Pa = -xqX!X 2 x 3 + — xl + \^x\x\, (4.170) 
ip ip z 

Pom = 7^. (4.171) 

V 

The hyperplanes are x + x± = x 2 + x 3 = and the defining equations of the brane are 

x 2 x^ ~\~ —~x<~ = 0, XqX5 ~\- —Xa = 0, XqX 2 "7*^6 ~~ 79*^4*^5 = 0. (4.172) 
ip ip ip ip z 

By introducing new coordinates for each invariant monomial as follows: 

x 2 x 3 xa 1 1 XQX1X5 1 1 x\x\ 



x\ ipU' xl ip W 2 ' xl 
we obtain the following transformation law: 



ipS, (4.173) 



x = l, x x = T, x 2 = Y a C, x 3 = Y a C\ (4.174) 

Xa = ^l/2ya/4 T 3/8 [/ l/8 M/ 3/4 ) (4 _ 1?5) 

X5 = ^y^t^U^W 1 / 4 , (4.176) 

Xe = ^ 2 Y a S- 1/2 T 1/2 U 1/2 W. (4.177) 

The defining equations in the above new coordinates are as follows (a is fixed to 4/5): 

P = ^2^9/5^/8^1/8^3/4^ _ 1 + jj; -2^ + T) y-1 £-1/2^1/8^3/8^1/4]^ 

P 3 = ^1/2^3/5^/8^3/8^1/4^2 _ 1 + ^-2(£ + ^1^^-1/^5/8^/8^3/4^ (4 17 g) 

p 4 = IT 8 / 5 ^- 1 ^^ 2 - 1) + EW 2 ]. (4.180) 
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The defining equations of the brane in the new coordinates are 

1 + T = 0, 1" 4/5 (C + C" 1 ) = 0, U = l, S(UW 2 - 1) + UW 2 = 0, W = ±l. (4.181) 

Now we introduce a genuine moduli z = ip~ s and a new coordinate X = W 2 . Then, the 
period integral is 

10 [Pou 



(2m) 6 7 P P 3 P 4 

1 f dSdTdUdXd(dY 



(2m) 6 J ST(Y [U-1 + ^ 1 /4(i + t^y-^S-^T^U^X 1 / 8 } 

X [X - 1 + zV*{C + t-^YS-WT-WUWXW] [S{UX - 1) + UX] ' ^ 4 * 182 ^ 
For the S'-integration, we pick up the pole at S = , and the integral becomes 



n 



dTd(dYdUdX 1 



(2m) 5 T(YUX [1-U- z x l\\ + T)(l - C/X)V2y-irV8[/-i/8jr-3/8] 

1 (4.183) 



[X - 1 + zV4(£ + (-i)(l - f/X) 1 /2yT- 5 /8f/-3/8 X -i/8] • 

1 

2 1 /4(^ + f-l)(l-C/X) 1 /2T-5/8 C /-3/8 X -l/8! 



For the V- integration, by picking up the pole at Y = _ rfy \ 1 ^ T _ 5 ; 8r7 _ 3/8y _ 1/8 , we 

obtain 



/• dTd(dUdX 1 
"J (2ixiyTC,UX [(1 - C/)(l - X) - zV2,4(T, C)(l - t/X)t/- 1 /2x-i/2] • ( • 8 > 

4.4.1 Large moduli limit 

This is the model No. 263 in [2BJ- Expanding f)4.184p by z 1 ^ 2 <C 1, the period integral becomes 

n _ v z-i 2 I dTdC ait cr I dudx (±-ux) n u- n/2 x- n/2 , 4 185l 

n "Z^ / (2^TC A(T ' C) ./ (2^Z7X (l-f/)^(l-X)«+i- (4185) 



n=0 



Then, using the following binomial expansion formula: 

r(ra + l) 
T(n - k + l)r(fc + 1) 



'-^•'•^ r.-U^L,, '-')'^'. (4.186) 



k 

and performing the analytic continuation, we obtain the factorized integral 

C ds 7T cos(tts) s/2 f dTd( r(n + l)(-l) fc 

J 2m sin(Trs) 7 (2tu) 2 TC 1 ' U ^ T(n - k + l)r(Jfe + 1) 

x f ^ E /-/2+*-i( 1 _ m—i /" ^x-^+^ri-X)- 8 - 1 . (4.187) 

7 27U J 27T2 
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The T- and ^-integral are the same as in the other models, f 14 . 9 6 1) and (I4.95p . The U- and 
X- integral can be evaluated by using (13.671) . 

By collecting all integrals and performing the s-integration, we find poles at s = 2n and 
obtain 

2 



T(2n — k+ l)T(n — k + l) 2 T(2n + l)T(k + 1) 



=o \ n I k=o 
~ (2n\ 2 " , (in \ [Zn - k\ ' 

=£* B B- 1 )* , ■ (4188) 

n =o \n J k=0 \k J \ 2n J 

We can show that the above formula is the same one obtained in [33] by the use of hyperge- 
ometric identities. 

Then, for the domainwall tension (precisely W+), by replacing the contour integral with 
respect to X with the line integral, we find simple poles at s = 2n + 1 and double poles at 
s = 2n. As a result, we obtain W+ = j^IIi + \YIq + |t, where n is the fundamental period 
given in ( 14. 188ft . TEi is the logarithmic period given by 

~ (2n\ 2 " . (in \ [Sn - k\ ' 
n x =n logz + ^z n [2tf(2n + l)-4tf(n+l) 

n=o \n J k=0 \k J y 2n J 

- 2^{2n - k + 1) + 6^(3n - jfe + 1) - 2^(n - k + 1)], (4.189) 
and r is given by 

_ = n+i/2 T(2n + 2) 2 * r(3n - + 5/2) 2 

4^ r (^ + 3/2) 4 f^ 1 J T(2n-A; + 2)r(2n + 2)r(n-fc + 3/2) 2 r(fc+l)' 

Tl — K — 

(4.190) 

Under the A-model interpretation by the mirror map, we find the following real BPS 
invariants (up to overall normalization): 

n (0,real) = ^ ^O.real) = ^ n (0,real) = ^ ^O.real) = ^75495^ = 343^^ ____ 

(4.191) 

The real BPS invariants of higher degrees are listed in appendix [A] 
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4.4.2 Small moduli limit 

Then we consider the small moduli limit, z~ l l 2 <C 1. This is the model No. 271 in [28]. We 
restart by the formula (14.1841) : 

= r dTdCdUdx i 

J {27riyT(UX[{l-U){l-X)-z 1 / 2 A{T,(){l-UX)U- 1 / 2 X- 1 / 2 Y y ' } 

By performing the same transformations with respect to T and ( as those in the small moduli 
limit of X13 and X§, and by dropping the prime symbol ', we have 

dTd(dUdX 1 



n = -z- 1 ' 2 



(2vri) 4 TC?7 1 / 2 X 1 /2 [(i _ UX) - 2~ i z~ 1 / 2 A{T, Q{1 - U)(l - X^^X 1 / 2 ] ' 

(4.193) 



The shift B — > B + l/2 noted in [33] can be naturally explained as the gauge transformation 
of the period, n — > W = z 1/2 Tl. 

Performing the coordinate transformations, U — > U/X and X — > 1/(1 — X) in turn, 
the integral becomes 

r dTdtdUdX 1 

J {27ctyT(U 1 / 2 [{l-U){l-X) + 2-*z- 1 / 2 A{T,(){{l-U) + UX)XU 1 / 2 Y 1 ' 

By expanding ( 14. 194ft around the small moduli limit point, we obtain 

dTd( f dUdX ((1 - U) + jjX) n X n U n l 2 - 1 / 2 



n'-E(-^)»/(^j^,cr/ 



(2?rz) 2 (1 - U) n+1 (l -XY+ 1 

(4.195) 

Under the following binomial expansion: 

((i -u) + uxr = £ r(fc + i)r(n-fc + i) (1 " u ) kun ~ kxn - k i ( 4 - 196 ) 

and performing the analytic continuation, we obtain the factorized integral 

r( s + i) 



r dg_7rcosM 4 1/2 f dTdC A{T cy y 

J 2ni sin(Trs) V ; J {2ni) 2 T( ~ 



T(k + l)T(s -k + 1) 



f MuW-k-iftH _ jjys+k-i f ^ X 2s-kn _ x)-*-\ (4.197) 
J 2iTi J 2iTi 
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First we consider the fundamental period. The T- and (^-integral are exactly the same 
as in the other models and given by (I4.96P and (I4.95p . respectively The U- and VT-part can 
be evaluated by using (13.67)) . 

Now we introduce the genuine moduli as x = —2~ 12 z~ l . Then the fundamental period 
becomes 

h \ n ) U ^ n + V2)r(2n - k + l)»r(Jfc + 1) ' 

For the domainwall tension (precisely W+), by replacing the contour integral with respect 
to X with the line integral, we find simple poles at s = 2n + 1 and double poles at s = 2n. 
As a result, we obtain W' + = t-jIIj + |lIo + |r', where H' Q is the fundamental period given 
in ( 14.198H . IT^ is the logarithmic period given by 

II' -ir^ + f^ H'vf D k r(3n-fc + l/2)r(4n-fc + l) 
1 ^ W ^ r(n + l/2)r(2n-^ + l)3r(^ + l) 

x [4^(2n + 1) - 4^(n + 1) + 3^(3n -k + 1/2) + 4^(4n - jfe + 1) 

- *(n + 1/2) - 6^(2n - jfe + 1) + 2^(1) - 2^(1/2)], (4.199) 

and r' is given by 

j = V T n + i/2 2 4n +2 1(2^+2)^ fc r(3n - A; + 2)r(4n - + 3) 

r(n + 3/2)^ 1 j r(n + l)r(2n-fc + 2)3r(A; + l)- l " ] 

Under the mirror map, we can obtain the following real BPS invariants (up to overall 
normalization): 

n (0,reaJ) = ^ ^(O.real) = g^ ^(O.reaJ) = U74456Q , ^(O.reaJ) = 3 485841 4 832) (4 2Q1) 

The real BPS invariants of higher degrees are listed in appendix IA1 
4.5 Inhomogeneous term 

Here we present the inhomogeneous terms of Picard-Fuchs equations for all models Xj. For 
pfaffians treated in this paper, as explained in section 12.2.31 the inhomogeneous term is in 
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limit 


inhomogeneous term 


*13 


large 
small 


±§V/ 2 + 52782 3 / 2 + 4272^/ 2 

4a; 1 / 2 - 2031616a; 3 / 2 + 28789702656a; 5 / 2 


Xr 


f z 1 ' 2 + 744(k 3 / 2 + 4960(k 5 / 2 


x 7 


^z 1 ' 2 + 4326z 3 / 2 + 10638z 5 / 2 






large 
small 


fz 1 ' 2 + 1240z 3 / 2 + 2048^ 5 / 2 
x 1 / 2 + 17408s 3 / 2 + 7536640a; 5 / 2 



Table 3: Inhomogeneous term 

general written in the following form: 

C PF r = c 1 z^ 2 + c 2 z 3 / 2 + c 3 z^ 2 , 

where c, (i = 1, 2, 3) are certain constants. It is very interesting that there is such a difference 
from the well-known hypersurf ace/complete intersection cases. We list the concrete form of 
the inhomogeneous terms for the pfafhans in Table [3j Here we use the normalization (13.72p . 
These inhomogeneous terms are evaluated simply by acting the Picard-Fuchs operators on 
the domainwall tensions, which have been obtained by the direct integration method in this 
section. It seems tedious to carry out the computation of the inhomogeneous term for the 
pfafhans via the method in PJ. 

5 One-loop Consideration 

In this section, we discuss the one-loop amplitudes and the one-loop real BPS invariants. 
The holomorphic anomaly equation relates the tree level amplitudes to the amplitudes of 
the higher worldsheet topologies jU |3]. The extension to the open string sector of the 
holomorphic anomaly equation, in particular for the compact Calabi-Yau case, was proposed 
in [6l [7]. Under certain additional conditions (discreteness of open string moduli, tadpole 
cancellation, e.t.c. [7J), the amplitudes for higher worldsheet topology are then constrained 

48 



recursively by the extended holomorphic anomaly equation [6] . By using the formula for one 
loop amplitudes given in these works, we will present further possible enumerative predictions 
as well as additional consistency checks. 



5.1 One-loop amplitude 

In the previous section, the genus real BPS invariants of several pfaffians have been pre- 
dicted up to an overall numerical normalization. The direct evaluation of these invariants 
by a localization computation in the topological A-model helps us to fix the normalization 
ambiguities. Now, instead of such arguments, we try to determine the overall normaliza- 
tion factor of the mirror relation by concerning the one-loop amplitudes. We must fix the 
holomorphic ambiguity which cannot be determined by the holomorphic anomaly equation 
itself. 

In [7], it was showed that the following combination of 1-loop amplitudes has the BPS 
expansions: 

„ (l.real) 

^hoi + £hoi = l ^L^ q dk l\ (5.202) 

d:even>0, fc:odd>0 

where ^4 ho1 is the holomorphic limit of the annulus amplitude and /C ho1 is that of the Klein 
bottle amplitude. n^ 1,r are genus 1 real BPS invariants and all of them are expected to be 
integers. 

For all the well-known hypersurf ace/complete intersection models, by fixing holomorphic 
ambiguities, A ho1 and /C ho1 are given by 



/C ho1 = \ log 



^-l( diss l)-l/4 

z da 



(5.203) 



where 



dz 

C zzz is the quantum Yukawa coupling [H [HI [16], an d (dissl) is the discriminant. 



A^f = [ d z - d z log ^ - d z log IIo ) (d z - d z log Uo)T(z), ( 5.20 1 ) 
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In the pfaffian cases, the quantum Yukawa coupling takes the following form: 

C zzz = Const. ^ SS2 1 ) . . (5.205) 
(dissl) 

Here, (dissl) and (diss2) are listed in Table |2] and can be obtained from the Picard-Fuchs 
operators easily. A numerical constants can be fixed by the condition that C zzz has the form 

C tzg ~ degree + 0{z) + ... (5.206) 

around z ~ 0. Since the pfaffians, unlike the well-known hyper surf aces/complete inter- 
sections, have non-trivial numerator of the quantum Yukawa coupling, it is possible that 
additional ambiguities and modifications appear in (15.2031) . Indeed, for some of the models, 
the use of (I5.203[) does not give integral invariants under the A-model interpretation. 
In this paper, we consider the following ansatz: 

T — yar (=>■ A — ► aA), (5.207) 



/C ho1 = - log 
2 5 



qdz _ 1 / (diss2) \ 



z dq 



V (dissl) J 



(5.208 



where a and b are rational numbers. Or, instead of (15.2081) . we consider 



IC ho1 = \ l< 



q dz _j (diss2) c 



(5.209) 



zdq (dissl) 1 /^ 

where c is a rational number. Needless to say, we could have other possibilities of holomorphic 
ambiguities which may change the form of one-loop amplitudes. We explore possibilities of 
(a, b) or (a, c) which exhibit integral expansions at both the tree and the one-loop levels. 
It is important that we have a possibility a = 0, namely, all of disk invariants and annulus 
invariants are zero. Then, one-loop BPS invariants just come from the contributions of Klein 
bottle invariants. 

We have several additional consistency conditions. It was showed in [3] 

n (0,real) = ^(O.disk^ (g ^ 
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namely, the number of real BPS invariants at the tree level is the half of the number of 
holomorphic discs. Moreover, as noted in [7J[T5], we have 

nf real) =nf {mod 2), (5.211) 
nf = nf m&X) = 0. (5.212) 

In the following, we will try to fix overall normalizations by using the above ansatz and 
consistency conditions. 

5.2 One-loop BPS invariants 
5.2.1 Degree 13 
• Large moduli 

In this case, (a, b) = (1, 1/4) (equivalently, c = 1/4) seems to be the unique possibility. The 
one-loop invariants are as follows: 



(a,b) 



d = 2 d = A d = 6 d = 8 d = 10 d = 12 



:m/4) 



120 36576 8017614 1653968592 336816482863 



This is natural in the sense that the one-loop amplitude in the pfaffian case can be obtained 
as that in the well-known one-loop formula for hypersurface/complete intersection cases 
fl5.203p . by simply replacing l/(dissl) with (diss2)/(dissl), just like the quantum Yukawa 
coupling. So one might expect that this is the general property for all the pfaffians we treat. 
But it will turn out that this simple modification does not work for some of the other models 
(X 7 and X 10 ) and we must consider other possibilities. 

• Small moduli 

In this case, we have so many possibilities which exhibit integral invariants and satisfying 
the consistency conditions (15.2101) . (15.2111) and (15.2121) . So it is hard to fix normalization 
completely by this consideration. We list several possibilities below: 
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(a,b) 


d = 2 


d = 4 


d = 6 


d = 8 


(13, 1/4) 
(0, 1/4) 


-39936 
3328 


1699435056 
-125267408 


-94316793219584 
9017682342656 


5006546796335364656 ... 
-362000262411814352 ... 


(a,c) 


d = 2 


d = A 


d = 6 


d = 8 


(0,0) 
(13,1/2) 




-36608 


37671472 
1536496176 


1255342506496 
-86554453383424 


65370203450538544 ... 
4579176330473011760 ... 



6=1/4 seems to be natural since this Calabi-Yau is realized as the A-model side of the small 
moduli limit of the degree 13 model X13, and one-loop amplitudes of these two limits are 
expected to be connected each other by a simple relation, namely, z < — > x and n < — > W , 
as discussed for the closed one-loop amplitude of the case of the degree 14 in |32j. If b is 
fixed to this value, a = 13, 13/2, 13/4, 0, show integral invariants at the tree and the 
one-loop levels. The possibility a = is the situation where all of disk invariants and annulus 
invariants are 0. We have many other possibilities, for example, (a, c) = (0,0), (13,1/2), 
(13/2, 1/2), (13,0), (26, 1/2), and it is hard to decide a overall factor completely by this 
consideration. 

5.2.2 Degree 5 

In this case, there are also many possibilities which give integral invariants as listed below. 



(a,b) 



d = 2 d 



d = 6 



d = 8 



d=lQ 



d = 12 



(5,1/4) -36 417 4903388 7140650773 9221277658128 11388045762256931 
(5,1/2) 86 66281 59151354 58611169973 61567266679256 67013112045986363 



(a,c) 



d = 2 d = 4 d = 6 



d = 8 



d=10 



d = 12 



(0,0) 10 8793 10934230 12480840693 14252296596968 16421644185053963 
(0,1/2) 8 9681 10868576 12508692053 14269232220288 16435001441040179 
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(a, b) = (5,1/4) is natural since a is the degree of this model and b = 1/4 is the same 
as the natural one for X13. We have many other possibilities as listed above. By the 
consistency condition (15.2111) (mod 2 equivalence with the number of genus 1 rational curves), 
we can exclude (a, b) = (0, 1/4), (a, c) = (5,0), (5, 1/2), although they show integral 
invariants. 

5.2.3 Degree 7 

In this case, we can find several possibilities which exhibit integral invariants as shown below: 



(a,c) 



d=2 d = A d=6 



d = 8 



d= 10 



d = 12 



(M/12) 
(3, 3/4) 



-6 



1955 1464392 937055117 588109462058 369491842053326 
1587 1210520 821812845 529228925298 337701027124910 



We have several possibilities (a,c) = (1, 1/12), (3,3/4) and unfortunately we cannot choose 
b = 1/4 in this case. By the consistency condition (I5.211j) . we can exclude (a.b) = (1, 1/12), 
(3,3/4), (a, c) = (0,0), (2, 1/3), (4,4/3), although they show integral invariants. 

5.2.4 Degree 10 
• Large moduli 



In this case, we can find several possibilities which exhibit integral invariants as shown below: 



{a,b) 



d=2 d=4 d=6 



d = 8 



d=10 



d=12 



(2,1/2) 



33 5109 1203267 317827365 88973783316 25850175760831 



d=2 d=4 d=6 



d = 8 



d= 10 



d= 12 



(0,0) 
(2,1/2) 



373 161763 53056293 16831641236 5311521613375 
365 148205 50166405 16089559084 5111631748583 



We have possibilities (a, b) = (2, 1/2), (4,2), and b = 1/4 is not suitable as is the case 
with X 7 . There are many other possibilities, for examples, (a, c) = (0,0), (2,1/2), (4,2), 
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(6,9/2), (8,8), and so on. We cannot narrow the list any further by the consistency 
checks. 

• Small moduli 

In this case, we can find so many possibilities which exhibit integral invariants as shown 
below: 



M) 


d = 2 


d = 4 


d = 6 


d = 8 


d=!0 


(5/2, 1/4) 
10, 1/4 
(10,1/2) 


30 
-720 
-256 


312240 
-2183760 
-584272 


1567795510 
-5860628240 
475607296 


8153551664688 
-19078691535312 
9807715812912 


44180874975115674 ... 
-76992035691620976 ... 
66101470258944256 ... 


(a,c) 


d = 2 


d = 4 


d = 6 


d = 8 


d=10 


(0,0) 
(5, 1/2) 


160 
-200 


406960 
-115280 


1911650080 
233484440 


9748479198768 
2927658370608 


51721089281251808 ... 
20484272580081320 ... 



In addition, there are so many other possibilities, for example, (a, b) = (5,1/4), (0,1/4), 
(5,1/2), (a,c) = (0,1/2), (5/2,1/2), (0,3/4), (0,1/8), (5,0), (5/2,0), .... Hence we can- 
not fix a normalization completely by this consideration. 



For some of the models, we have many possibilities which give integral invariants at 
both the tree and the one-loop orders, and satisfy the consistency conditions. We also have 
many other possibilities which exhibit integral invariants and do not satisfy the consistent 
conditions. These results are very interesting and it is tempting to conjecture that even in 
such cases we count the number of certain unknown objects in Calabi-Yau manifolds. For 
fixing ambiguities of the overall normalization completely, it is necessary to consider the 
direct computations of disk invariants in the A-model side. 
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6 Conclusion and Discussions 

In this paper, we investigated the open mirror symmetry for certain compact non-complete 
intersection Calabi-Yaus, called pfaffian Calabi-Yau 3-folds. We computed the B-type back- 
ground D-brane superpotential, which contributes to the space-time superpotential, via the 
direct integration method provided recently. We choose the holomorphic curve with two 
discrete moduli as the B-brane. By the use of the open mirror conjecture for compact 
Calabi-Yau manifolds, we have extracted the BPS invariants (disk invariants) up to an 
overall numerical normalization, and under certain choices of overall normalizations and 
holomorphic ambiguities, those invariants certainly show the integrality property. 

We have discussed both the large moduli limit and the small moduli limit. In the degree 
13 and the degree 10 cases, these two limits correspond to the large volume limits of two 
different Calabi-Yaus in the A-model interpretation. In the degree 5 case, these two limits 
correspond to the large volume limit of the same Calabi-Yau. It was showed that our direct 
integration method is also useful to analyze the small moduli limit. It is interesting that we 
have the hypersurface-like period integral formulas after evaluating two of residue integrals, 
as noted in (13.621) : 



This is the common property for all the models analyzed in this paper, as seen in (I4.90p . 
(14.1321) . (14. 1601) and ( 14.1841) . This may implies that our approach is powerful and effective 
for treating other Calabi-Yaus which are not analyzed so far due to their complexities. 

The invariants predicted in this paper must be confirmed by the direct computation of 
the open Gromov-Witten invariants as done for the quintic in [3]. Such computations help 
us to fix the overall numerical constant and complete the study of the open mirror symmetry 
of the pfaffian Calabi-Yaus. For the pfaffian case, although the closed sector of the degree 14 
was already carried out in jl6] , the generalization to the open sector is not yet achieved. The 
first difficulty is that pfaffians are not complete intersections of sections of vector bundles 
but degeneracy loci of a certain morphism of vector bundles. The second difficulty is that 
we do not know the concrete constructions of special Lagrangian submanifolds in pfaffian 
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Calabi-Yaus at present. This problem is rather serious since even in the case of complete 
intersections in a weighted projective space (e.g., the double quartic) we do not yet know 
their construction. Several these problems make the identification of A-model geometry and 
direct computation in the A-model side difficult. Furthermore, the concrete definition of 
A-model side Calabi-Yaus corresponding to the small moduli limits of A 13 and X 10 are still 
unknown. It is very interesting that by the mirror symmetry consideration, we can obtain 
real BPS invariants of such unknown Calabi-Yaus, although we do not know the concrete 
constructions of them at all. Our results indicate that there exist corresponding A-model 
geometries and Lagrangian branes with two discrete moduli. 

Other interesting possibilities for further studies are the search for other branes with 
Zfc- vacua (k ^ 2), as observed in [18], and the analysis of the off-shell extension of the 
superpotential, discussed in [8j. The analytic properties of the superpotentials in the entire 
open/closed moduli space are also worth studying. Moreover it is interesting to study the 
pfaffian Calabi-Yau manifolds with multiple moduli, since some of them may be useful to 
construct the phenomenological or cosmological models. They are beyond the scope of this 
paper and we leave it for future work. 

We hope that the study of open mirror symmetry and the physics associated with the 
type II string theory compactified on compact Calabi-Yau with background D-brane geom- 
etry becomes more active and tractable by the appearance of this work. 
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A Tables of real BPS invariants 



Here we list the tables of real BPS invariants at the tree level (half of disk invariants) up to 
an overall normalization. The possible overall numbers are discussed in section |5j 

• The degree 13 (large moduli) 



25 16441821210636123211607972 

27 3020691730043208779353140253 

29 562169213445941154110358060705 

31 105798636416557155179367263056087 

33 20106435094248671076837246879637590 

35 3854160608672442333423080967857650538 



• The degree 13 (small moduli) 



I 64a 
3 -47680a 
5 2553150912a 
7 34649296391104a 
9 1471485784105332224a 

II 49687346335244068056512a 
13 1999219993905247049048775104a 
15 82597293165445182789471202839616a 
17 3586333115625143376407406077991120576a 
19 160451134948695159327303909254189883152832a 
21 7370533127928667910678110799417235303401680448a 
23 345721234901527379438504092619993239987144802452416a 
25 16503946288023845606947723040167603475881000397032091648a 
27 799615568881349867687745900256952058894288795117507466374656a 
29 39236388878593579256755137458766656519160016787082064331503911360a 
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It is suggested that a = 0, 13, by one-loop consideration. 
• The degree 5 



degree the number of real BPS invariants in X 5 



I 12a 
3 556a 
5 205552a 
7 121112796a 
9 86120101400a 

II 69110942739196a 
13 60075423135511800a 
15 55275355154034182536a 
17 53065617723187386623784a 
19 52650031201378269968458204a 
21 53628679366519667080820325372a 
23 55810044042629530504437428769692a 
25 59125681630282007996666603464358632a 
27 63589410115281403817109787564072326184a 
29 69277845189787603343632878895253381812556a 
31 76322237467736882097065149698808737087298956a 
33 84906997920284772853281422198585992071135299064a 
35 95272751524203542192248811823850971401733034251936a 



It is suggested that a = 0, 5, by one-loop consideration. 
• The degree 7 



degree the number of real BPS invariants in Xj 



I 10a 
3 204a 
5 43790a 
7 14034754a 
9 5377152402a 

II 2324861044052a 
13 1088221792755554a 
15 539050098990610200a 
17 278574103595914399154a 
19 148775639332230303190266a 
21 81568727403437332440801168a 
23 45690577463967187842452075174a 
25 26054107356717218372717843033150a 
27 15082412998143462915292456125595662a 
29 8844390475452660390527342087301322406a 
31 5244624220491034544489908034567747495010a 
33 3140502587424299686574001427880878557396696a 
35 1896791544563405676821849252078336325607796030a 
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It is suggested that a = 1, 3, by one-loop consideration. 
• The degree 10 (large moduli) 



degree the number of real BPS invariants in Xiq 



I 8a 
3 72a 
5 7840a 
7 1275496a 
9 243115152a 

II 52333685032a 
13 12190638263120a 
15 3004575113939760a 
17 772507759536742768a 
19 205250348613917160552a 
21 55983141116972972765352a 
23 15600497807514198642192616a 
25 4425535856816745429812619760a 
27 1274499263185215640279557261552a 
29 371807289129697954226881629514120a 
31 109685246417659296411075348428913288a 
33 32675307792096894424635599988896855376a 
35 9818152043216485859719280824348103702720a 



It is suggested that a = 0, 2, by one-loop consideration. 
• The degree 10 (small moduli) 



degree the number of real BPS invariants in Xiq 



I 16a 
3 8048a 
5 12744560a 
7 34858414832a 
9 120005634076032a 

II 468860632792828784a 
13 1988542693717684336240a 
15 8935901455386424594255120a 
17 41917867212967352197838814128a 
19 203268668263311718810533932904048a 
21 1012063908345796573491271043738275216a 
23 5148565282099205877554243586387320508656a 
25 26663710324297486380626275757344199971742720a 
27 140183809674639050491540466368280185386449988480a 
29 746566835578490949366745669972172742658825159266416a 
31 4020464287771584663839492997988281211078691213564394480a 



33 21862874813227538307930997168786349719887672243654857851120a 
35 119910786858705051297319120366488737032816972266438414997855120a 

It is suggested that a = 0, 10, by one-loop consideration. 
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